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Boundary-Laver Transition on Blunt Bodies 


With Highly Cooled Boundary Layers’ 


KENNETH F. STETSON* 
clvco-Kverett Research Laboratory 


Summary 


The shock tube is shown to be a feasible research tool for con- 
ducting boundary-layer transition experiments. The use of the 
shock tube permits the study of transition with highly cooled 
boundary layers, as may be encountered on hypersonic vehicles. 

Boundary-layer transition investigations have been made on 
optically polished pyrex hemisphere-cylinder and ellipse-cylinder 
models with stagnation-to-wall enthalpy ratios between 4.5 and 
30. The models were 1/2 and 1 in. in diameter with a surface 
roughness estimated to be less than 1 microinch (rms). Tran- 
sition was detected by measurements of the heat-transfer rates on 
the model surface. 

The shock tube experiments indicated that a characteristic 
feature of transition of a highly cooled boundary layer on a hemi- 
sphere was the simultaneous occurrence of transition over the 
entire supersonic portion of the hemisphere. This implies that 
transition first occurred in the sonic region. The transition 
Reynolds Number (based on local fluid properties at the outer 
edge of the boundary layer and the momentum thickness) in the 
sonic region increased from about 225 to 325 as the stagnation-to- 
wall enthalpy ratio increased from about 9.5 to 29.5. Transition 
occurred along the cylindrical portion of the hemisphere-cylinder 
model at a nearly constant momentum thickness Reynolds 
Number, increasing from about 400 to 625 as the stagnation-to- 
wall enthalpy ratio increased from about 9.5 to 29.5 

The highly cooled boundary layers obtained on the cylindrical 
portion of the shock tube hemisphere-cylinder model provided an 
extension of NASA transition results obtained on a cooled hemi- 
sphere-cone-cylinder model in a wind tunnel. The transition 
Reynolds Numbers obtained from these shock tube data were of 
the same order of magnitude as the minimum transition Reyn- 
olds Numbers obtained in the wind-tunnel experiments. The 
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results indicate that, for practical purposes, boundary-layer 
cooling is not a critical transition parameter for blunt bodies with 
a highly cooled boundary layer resulting from a stagnation-to- 
wall enthalpy ratio of about 3 to 30. That is, the transition 
Reynolds Number did not vary significantly with boundary 

layer cooling in this cooling range, but transition always occurred 
at a low Reynolds Number (between about 350,000 and 750,000 
based on local external properties and a distance along the body 
surface from the stagnation point). 

The boundary-layer history (body shape history) appeared to 
be an important parameter affecting the magnitude of the Reyn- 
olds Number for transition and the amount of increase in the 
transition Reynolds Number with increased boundary-layer 
cooling. That is, transition occurred at a lower Reynolds Num- 
ber on the ellipse-cylinder configuration than on the hemisphere- 
cylinder. Also, the increase in transition Reynolds Number with 
an increase in boundary-layer cooling was even less significant 


for the ellipse-cylinder than the hemisphere-cylinder 


Symbols 


static enthalpy 

stagnation enthalpy 

Mach Number 

shock Mach Number (referred to speed of sound in 
quiescent gas in front of shock) 

Nusselt Number 

modified Nusselt Number (Nu/o) 

pressure 

initial pressure in shock tube 

heat-transfer rate 

body radius 

body radius perpendicular to the longitudinal axis of 
body 

Reynolds Number based on momentum thickness 

Reynolds Number based on body dimension 

root mean square 

distance from stagnation point along the body surface 

absolute temperature 

velocity 

body angle on hemisphere away from the stagnation 
point 

pressure gradient parameter = 2d In u,/d In 
approximate ratio of specific heats 
laminar boundary-layer momentum thickness 

= viscosity 
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S 
es) = f, Pwhtwlter**ds 
= density 
= Prandtl Number 
Subscripts 
e = external flow conditions 
st = stagnation point conditions 
w = wall conditions 
oo = free-stream conditions 
Introduction 


ew PROBLEM of the transition to turbulence of the 
laminar boundary layer is one which has been with 
us for many years, yet, in most cases, there still does 
not exist sufficient knowledge regarding the general 
nature of transition to make reliable predictions of 
boundary-layer transition on new configurations, or 
under a different set of conditions. Therefore, it is 
usually necessary to conduct additional experimenta- 
tion to answer specific questions regarding transition. 
For the case of hypersonic configurations, laboratory 
simulation is not a simple problem, since ‘‘conven- 
tional” wind-tunnel facilities do not provide the high 
gas enthalpies encountered locally about bodies travel- 
ing at very high velocities. 

Lewis Research Center of NASA has obtained con- 
siderable boundary-layer transition data under moder- 
ate boundary-layer cooling by pre-cooling the models 
with liquid nitrogen to a stagnation-to-wall enthalpy 
ratio of 4.4, and have reported finding a transition re- 
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versal.'~* That is, contrary to small disturbance 
stability theory (see, for example, reference 5), an in- 
crease in boundary-layer cooling may result in a reduc- 
tion of the transition Reynolds Number. By using a 
heater capable of producing temperatures of about 
3,000°R., the Polytechnic Institute of Brooklyn has 
extended the boundary-layer cooling range for an un- 
cooled model in a wind tunnel.® 7 

Blunt bodies with strong favorable pressure gradients 
and high boundary-layer cooling were expected by 
many people to have a relatively high transition Reyn- 
olds Number, yet experiments (such as those con- 
ducted in the above mentioned facilities) showed that 
this was not the case and transition consistently oc- 
curred at lower Reynolds Numbers than expected from 
slender body results and small disturbance stability 
theory. Unfortunately, current data do not cover the 
flight range where the most severe conditions are ex- 
pected by future hypersonic vehicles. 

The shock tube showed promise as a research tool to 
investigate hypersonic boundary-layer problems, par- 
ticularly under conditions of high surface cooling, since 
it had the capability of producing a wide range of stag- 
nation pressure and enthalpy conditions (see Table 1). 
However, it was necessary to tolerate limitations in re- 
gard to flow Mach Number, testing time, and model 
instrumentation. The maximum flow Mach Number 
obtainable in a constant area shock tube is given by the 


equation 


Mas = V2/y(y — 1) 


TABLE | 


Theoretical Flow Properties for Several Shock Tube Test Conditions (Values Obtained Reference 20). 





pi, To, po, Po, U« 
em. Hg. » slugs/ft.* Ib. /ft.2 ft./sec. Mo 
M; 
5 2,900 0.000923 4,450 4,480 1.80 
10 2,900 0.00184 8,900 4,480 1.80 
20 2,900 0.00369 17,800 4,480 1.80 
30 2,900 0.00555 26,700 4,480 1.80 
40 2,900 0.00736 35 ,500 4,480 1.80 
50 2,900 0.00920 44.500 4,480 1.80 
60 2,900 0.01105 53,500 4.480 1.80 
76 2,900 0.01400 67.700 4,480 1.80 
M,; = 
5 4,750 0.001115 8,350 6,880 2.18 
10 4,750 0.00224 16,700 6,880 2.18 
20 4,750 0.00448 33,300 6.880 2.18 
30 4,750 0.00673 50,100 6,880 2.18 
4U 4,750 0.00888 66,700 6,880 2.18 
50 4,750 0.01110 83 ,500 6,880 2.18 
60 4,750 0.01330 100 ,000 6,880 2.18 
76 4,750 0.01685 127 ,000 6 ,880 2.18 
M; = 
5 6,250 0.00137 14,200 8,960 2.49 
10 6 ,430 0.00268 28 ,400 9,000 2.49 
20 6 ,530 0.00530 56 ,600 9,050 2.48 
30 6,580 0.00792 85,100 9,070 2.47 
40 6,630 0.01045 113,100 9,090 2.46 
50 6,670 0.01300 142,000 9,100 2.46 
60 6,700 0.01560 170,000 9,110 2.45 
76 0.01960 216,000 9,120 2.45 


* Flight velocities where same stagnation enthalpy is encountered. 
** Wall temperature equals 540°R. (the temperature and enthalpy ratios do not change significantly during the shock tube 


6,750 


Equivalent* 


Flight 
Velocity, T st. Pst, Pst, 
ft./sec. oR. slugs/ft.* lb. /ft.2 het/ky*®*® T3:/Ta* 
7.400 4,430 0.00272 18,050 9.3 8.2 
7,400 4,430 0.00543 36,100 9.3 8.2 
7,400 4,430 0.01085 72,200 9.3 8.2 
7,400 4,430 0.01635 108 , 500 9.3 8.2 
7,400 4,430 0.02170 144,000 9.3 8.2 
7,400 4,430 0.02710 180,500 9.3 8.2 
7,400 4,430 0.03260 217,000 9.3 8.2 
7,400 4,430 0.04120 275,000 9.3 8.2 
10,400 6,700 0.00450 47 , 250 17.3 12.4 
10,400 6,800 0.00872 94,500 17.3 12.6 
10 400 6,850 0.01745 189 ,000 17.3 13.7 
10,400 6,900 0.02580 283 ,500 17.3 12.8 
10,400 6.950 0.03390 378 ,009 17.3 12.9 
10,400 7,020 0.04230 472,500 17.3 13.0 
10,400 7,070 0.05080 567 ,000 17.3 13.1 
10,400 7,070 0.06440 718 ,000 17.3 13.1 
13,600 9,070 0.00635 103 ,000 29.5 16.8 
13 ,600 9,400 0.01235 203 ,000 29.5 17.4 
13,600 9,600 0.02400 402 ,000 29.5 17.8 
13,600 9.770 0.03560 601,000 29.5 18.1 
13 ,600 9,880 0.04670 788 ,000 29.5 18.3 
13,600 10,000 0.05750 974,000 29.5 18.5 
13,600 10,050 0.06850 1,152,000 29.5 18.6 
13,600 10,050 0.08550 1,440,000 29.5 18.6 
tests). 
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BOUNDARY-LAYER TRANSITION ON 


For an ideal diatomic gas this limiting value is 1.89. 
When real gas properties are considered, the flow Mach 
Number is limited to about 3.2. This Mach Number 
restriction is not a severe limitation for many investiga- 
tions concerning boundary layers on blunt shapes 
since the ““Mach Number independence principle” can 
be applied (see, for example, reference 8). That is, 
for a blunt body, hypersonic free flight stagnation point 
conditions and pressure distribution along the body can 
be simulated without Mach 
Numbers. Shock tube heat-transfer instrumentation 
had been developed (for example, see references 9, 10, 
and 11), thus providing a method for detecting bound- 
Preliminary boundary-layer tran- 


matching free-stream 


ary-layer transition. 
sition experiments were performed on a hemisphere- 
cylinder configuration to determine the feasibility of 
the shock tube for transition investigations. These 
data were found to be consistent and repeatable, and 
transition was clearly evident. 

The experiments reported here are the results of an 
investigation of the effect of boundary-layer cooling on 
two shapes—the hemisphere-cylinder and the ellipse- 
cylinder. 


Experimental Equipment 


Two constant area shock tubes were utilized for this 
boundary-layer transition investigation—one with a 
4-in. inside diameter and 50 ft. in length, and the other 
a 1'/o-in. inside diameter and 16 ft. in length. The use- 
ful testing times were normally between 300 and 500 
microsec. for the large shock tube and between S80 and 
150 microsec. for the small shock tube (testing time 
was a function of initial pressure in the tube and shock 
Mach Number). Two model configurations were used 
for the experiments—a hemisphere-cylinder and an el- 
lipse-cylinder. Transition was detected by observing 
the changes in heat-transfer rates on the model surface. 
The heat-transfer rates were determined by thin 
platinum resistance thermometer type gages (ap- 
proximately 0.3 micron thick). These gages were 
mounted directly on the model surface in the manner of 
a printed circuit,?~'! hence the model material in the 
neighborhood of the gage had to be an insulator. This 
was accomplished by constructing the entire model 
from pyrex. The models were 1/2 and 1 in. in di- 
ameter and contained from two to four heat-transfer 
gages. 1/2-in. diameter models were tested in the 11/2- 
in. shock tube and both 1/2 and 1-in. diameter models 
were tested in the 4-in. shock tube. Typical models 
and arrangement for mounting gages can be seen in 
Fig. 1. Electrical leads were internally housed and all 
junctions were insulated to eliminate electrical inter- 
ference from ionization. The gages were mounted, 
calibrated, and utilized in the manner outlined in ref- 
erence 11. 

Both shock tubes were equipped with schlieren sys- 
tems and occasional schlieren photographs were taken 
for general observation of the flow and to obtain pres- 
sure distributions. 
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Fic. 1. Transition models. (Top) 1-in. diameter hemisphere- 
cylinder model with four heat-transfer gages Bottom) 1/2-in. 
diameter ellipse-cylinder model with two heat-transfer gages 


The shock tube test conditions were varied over a 
wide range, yet the full range of the shock tube could 
not be utilized, since only those test conditions which 
provided Reynolds Numbers in the neighborhood of 
transition were desired. Most of the data were ob- 
tained at three states of boundary-layer cooling, cor- 
responding to  stagnation-to-wall enthalpy ratios 
(hs:/h,) of about 9.5, 17.5, and 29.5. 

Specific values of the flow properties for several 
shock tube test conditions may be found in Table 1. 
Reynolds Numbers (based on conditions at the outer 
edge of the boundary layer) obtainable on the 1/2-in. 
diameter models can be seen in Figs. 6, 7, 9, and 10. 
Reynolds Numbers based on momentum thickness 
(Re,) for the 1l-in. diameter hemisphere may be ob- 
tained by multiplying the values for the 1/2-in. di- 
ameter model by V2. (If identical test conditions and 
body angle locations on a hemisphere are compared, 
Rey varies as the square root of the radius.) 

The surface condition of individual models used for 
these experiments was not known precisely. However, 
an estimate of the surface finish could be obtained from 
information resulting from the examination of sample 
models under an electron microscope. The sample 
models were prepared in the same manner as those 
utilized in the experiments, and it seems reasonable to 
expect that the experimental models had a surface 
finish of the same type as the sample models. The sur- 
face roughness which was predominantly in the form of 
pits, was estimated to be less than 1 microinch (rms). 
The maximum pit depth measured on the sample 
models was 12 microinches. The Appendix contains 
the results of the surface finish experiments. 


Results 


It has been shown that such factors as pressure gradi- 
ent and surface cooling significantly affect the Reyn- 
olds Number at which transition occurs (for example, 
see reference 12). Such effects are not accounted for 
in a Reynolds Number based on free-stream properties 
and a body dimension. In order to incorporate bound- 
ary-layer history into the Reynolds Number, recent 
transition data on blunt shapes have often been cor- 
related with a Reynolds Number (Re,) based on local 





84 JOURNAL OF THE 





Schlieren photograph of ellipse-cylinder model with 
5 em. 


Fic. 2. 
scratches to produce Mach lines (test conditions: p, 
Hg, M, = 7.7). 


fluid properties at the outer edge of the boundary layer 
and the laminar boundary-layer momentum thickness 
(0). For the most part, the data from these current 
experiments have been correlated with Re, It should 
not be interpreted, however, that Ke, necessarily pro- 
vides the best correlation. For comparison purposes 
some of the transition data was correlated with a Reyn- 
olds Number (/e,) based on local fluid properties at 
the outer edge of the boundary layer and a length along 
the body surface from the stagnation point. 

Calculations of Re, were made with the assumption 
of isentropic flow from the stagnation point along the 
surface streamline and utilized an approximate ratio of 
specific heats (7) which included a correction for real 
gas effects. The calculations of momentum thickness 
were based on the assumption of local similarity as dis- 
cussed by Kemp, Rose and Detra'® (they obtained their 
solutions numerically by an extension of the method 
which Fay and Riddell" used at the stagnation point). 
From these numerical solutions @ can be empirically cor- 
related by the following equation: 


6 = (V2E/p,ter*)[0.491(1 — 0.0908"-*) (pette/ Puttir)*° | 


where £ is 


S 
£(S) -f Pubober dS 
0 
« = 0 for two-dimensional bodies, « = | for axially 
symmetric bodies, 8 is a pressure gradient parameter 
expressed as 


B = 2d 1nu,/d Iné 


and r is the body radius perpendicular to the longitu- 
dinal axis of the body. Subscripts e and w denote 
values obtained at the outer edge of the boundary layer 
and at the wall. 

It is not possible to obtain a pressure distribution on a 
model in a shock tube as customarily obtained in a 
wind tunnel, due to inadequate pressure instrumenta- 


tion. However, a pressure distribution may be ob- 


tained in the shock tube in regions of supersonic flow by 
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making small scratches on the model (about 0.001 in. 
deep) and measuring the Mach lines on a schlieren 
photograph. The local Mach 
from the Mach angle, and, with the assumption of 


Number is obtained 


isentropic flow, the local pressure ratio (p/ps,) may be 
related to the local Mach Number. 
pressure distributions have been obtained on a hemi- 


A number of such 


sphere-cylinder configuration'® and the pressure dis- 
tribution was found to be very close to that predicted 
by a modified Newtonian pressure distribution without 
the centrifugal correction }given by the following 
equation: p/p 1 — [(Pu — po)/ps:) sin? (S/R) 
Fig. 3(A) is a typical pressure distribution on a hemi- 
sphere-cylinder model (from reference 13). This same 
technique was used to obtain the pressure distribution 
on an ellipse-cylinder model in a shock tube. Fig. 2 is 
a schlieren photograph of the ellipse-cylinder model 
Mach obtained 0.001 in. 
scratches on the model. Fig. 3(B) is the pressure dis- 
tribution obtained from this photograph. 
seen that the pressure distribution on the ellipse- 


showing the lines from 


It can be 


cylinder in a shock tube also follows very closely the 
pressure distribution given by the above equation. 
The assumption of isentropic flow and a pressure dis- 
tribution given by the above equation was then made 
in the calculations of Re, and other information needed 
in analyzing these data. 

Before presenting the experimental transition results, 
the reader is reminded of the following significant 
features which pertain to these data: 

(a) Testing times were a fraction of a millisecond. 

(b) The transition models were 1/2 and 1 in. in 
diameter. 

(c) Only general surface finish information of the 
test models was known. 


(A) 
HEMISPHERE-CYLINDER 
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Fic. 3. Typical pressure distributions obtained in a shock tube 
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Fic. 4. Typical shock tube boundary-layer transition data. 


(d) The heat-transfer gages (about 0.3 micron thick) 
were mounted on the model surface. The effect of 
gage height on transition is not known; however, the 
thickness of the gage was no greater than the maximum 
pit depth measured. 

(e) The gages were nearly | millimeter wide, which 
meant that for the 1/2-in. diameter hemisphere the 
gage covered about a 9° are and for the 1l-in. diameter 
model the gage covered about 4!/,°. That is, for the 
1/2-in. hemisphere, a gage referred to as an SO° gage 
had the leading edge of the gage at about 75'/.° and 
the trailing edge at about 84!/,°. The heat-transfer 
rate measured was then the average rate for the 9° arc. 

(f) Some scatter of the data was introduced by devia- 
tion in gage location from the desired station. 

(g) Previous shock tube heat-transfer data have had 
scatter of about +10 to 20 per cent. 

(h) Flow Mach Number changed with a change in 
boundary-layer cooling (see Table 1). 

Only a sample of the shock tube transition data has 
been shown. Fig. 4 is typical of the type of data ob- 
tained from shock tube experiments at all stations. 
The laminar heat-transfer rates were steady, whereas 
the transition heat-transfer rates were often unsteady. 
When the rates varied with time the range of variation 
was indicated by a vertical line through the test point. 
The variation of heat-transfer rates in the transition re- 
gion and the randomness associated with the transition 
location are not surprising in view of the fluctuations 
normally observed in transition data. Transition was 
assumed to occur in the region where the heat-transfer 
rate departed from the laminar value, as indicated on 
Fig. 4 by the shaded rectangular areas. This probably 
results in transition Reynolds Numbers which are lower 
than would be encountered under comparable condi- 
tions in free flight. This is to be expected as the con- 
sequence of such factors as a higher turbulence level in 
the shock tube test gas, the close proximity of the walls, 
and disturbances caused by the external heat-transfer 
gages. Most of the transition experiments were per- 
formed with the 1/2-in. diameter model. A _ limited 
amount of data obtained with the 1-in. diameter hemi- 
sphere-cylinder model agreed, within experimental ac- 
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curacy, with that obtained with the | /2-in. diameter 
model. 

Fig. 5 contains heat-transfer data from four typical 
experiments with the 1/2-in. diameter hemisphere- 
model contained three heat- 
and 70°) to provide simul- 


cylinder model. Each 
transfer gages (30°, 45°, 
taneous comparison of the boundary-layer condition. 
It can be seen that the 45° and 70° stations followed a 
consistent trend. They departed from the laminar 
curve at the same time and maintained a consistent de- 
parture as the Reynolds Number was increased. This 
would imply that transition first occurred at, or be- 
fore, the 45° gage, but after the 30° gage. 

Fig. 6 shows the transition Reynolds Number dis- 
tribution for the hemisphere-cylinder model under 
three boundary-layer cooling conditions (hs:/h»,» 9.5, 
17.5, and 29.5). The dashed lines represent the Reyn- 
olds Number distribution on the 1/2-in. diameter 
model for the indicated shock tube test conditions and 
with the assumption of a modified Newtonian pressure 
distribution without centrifugal corrections, as pre- 
viously mentioned. All three figures are similar in 
shape, with the magnitude of Re, for transition being 
related to the amount of boundary-layer cooling in such 
a manner that an increase in cooling gave an increase in 
the transition Reynolds Number At a given location 
the Reynolds Number per unit length increased with an 
increase in boundary-layer cooling. However, any 
variations in transition Reynolds Number due to unit 
Reynolds Number changes are not large enough to be 
clearly distinguished above the scatter of the data. 
For a given amount of boundary-layer cooling, transi- 
tion occurred on the cylindrical portion of the model at 
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Fic. 6(b). Transition Reynolds Number distribution on a 
hemisphere-cylinder configuration (hs:/h wy ~ 17.5). Note: 
Dashed lines represent the Reg distribution for the hemisphere- 
cylinder model under the shock tube test conditions indicated 
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Dashed lines represent the Re, distribution for the hemisphere- 
cylinder model under the shock tube test conditions indicated 
(1/2-in. diameter model and M, = 7.0) 
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ellipse-cylinder configuration (hy:/h»y ~ 17.5). Note: Dashed 
lines represent the Reg distribution for the ellipse model under the 
shock tube test conditions indicated (1/2-in. diameter model and 
M, = 7.0). 
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BOUNDARY-LAYER TRANSI 


a nearly constant momentum thickness Reynolds 
Number; that is, the transition Reynolds Number was 
essentially independent of location on the cylinder. The 
subsonic portion of the hemisphere also had a nearly 
constant Ke, for transition A significant characteris- 
tic of these figures can be seen in the supersonic portion 
of the hemisphere (= 45° < a < 90°), where transition 
occurred simultaneously over the entire region. This 
is indicated on the figure by the fact that the transition 
Reynolds Number distribution curve in the supersonic 
region coincides with the calculated distribution curve 
for a specific test condition. (This could also be observed 
in individual experiments, such as shown in Fig. 5.) 
It appears likely that the simultaneous appearance of 
transition on the hemisphere was a consequence of 
transition first occurring in the sonic region (in the 
neighborhood of a = 45°). In any case, this result 
would indicate that the minimum transition Reynolds 
Number associated with the first appearance of transi- 
tion on the highly cooled hemisphere was the Reynolds 
Number calculated for the sonic region. 

Fig. 7 contains the same experimental data as Fig. 
6(b), with the difference being that Reynolds Number 
is now based on a distance along the body surface from 
the stagnation point, instead of momentum thickness. 
It was believed to be of interest to see the same data cor- 
related with two different Reynolds Numbers 

The highly cooled boundary layers obtained on the 
shock tube models allowed an extension to the bound- 
ary-layer cooling results obtained in wind tunnels. 
Diaconis, Wisniewski and Jack‘ obtained wind-tunnel 
transition data on a hemisphere-cone-cylinder under the 
influence of boundary-layer cooling by precooling the 
models with liquid nitrogen to a stagnation-to-wall 
enthalpy ratio of 4.4. This configuration was not far 
different from the hemisphere-cylinder used in the 
shock tube experiments and was considered suitable 
for the desired comparison. 

Fig. 8 shows the comparison of the wind tunnel and 
shock tube data for the above mentioned configura- 
tions. The three smallest enthalpy ratios for the 
shock tube data correspond to cylinder data as pre- 
sented in Fig. 6. In order to obtain an experimental 
point closer to the wind-tunnel data, shock tube experi- 
ments were conducted just above the choking limit of 
the shock tube. That is, for a 1/2-in. diameter model 
in the 4-in. diameter 50-ft. long shock tube, choking oc- 
curred at the model] at shock Mach Numbers below 
about 3.0. Therefore, the data in question were ob- 
tained in the shock Mach Number range of 3.2 to 3.5, 
with a corresponding flow Mach Number of about 1.5. 

According to reference 4. the wind-tunnel models were 
precooled to a temperature of —340°F., so that at the 
start of the test there existed a wall-to-stagnation en- 
thalpy ratio of 0.23. The experiments were conducted 
with thin-walled models instrumented to obtain tem- 
perature time histories. As the surface of the models 
heated during the test, the transition location moved 
downstream, as indicated in Fig. 8 by the increase in 
transition Reynolds Number with an increase in 
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enthalpy ratio. This trend is consistent with the 
transition reversal data presented in references 1, 2, 3, 
and 4. As can be seen in Fig. 8, low transition Reyn- 
olds Numbers (less than one million) were obtained 
initially when there existed a large degree of boundary- 
layer cooling. This result suggested that low transi- 
tion Reynolds Numbers may be a characteristic feature 
of very highly cooled boundary layers. In a boundary- 
layer cooling range which extended that of the wind- 
tunnel experiments, these shock tube data were con- 
sistent with this trend, and the transition Reynolds 
Numbers obtained in the shock tube were of the same 
order of magnitude as the minimum transition Reyn- 
olds Numbers obtained in the wind-tunnel experi- 
ments. (With the shock tube equipment available, it 
was not possible to duplicate in the shock tube the same 
cooling range obtained in the wind-tunnel experi- 
ments.) 

These shock tube data have significant implications 
for a vehicle with a highly cooled boundary layer (as, 
for example, a vehicle re-entering the atmosphere). 
Although these data show a slight increase in the transi- 
tion Reynolds Number with an increase in boundary- 
layer cooling, there appears to be no connection be- 
tween the very low transition Reynolds Numbers 
found and those which would be predicted by small 
disturbance stability theory. Two very important 
conclusions may be obtained from this figure and 
stated as follows: (1) Low transition Reynolds Num- 
bers occur on a highly cooled blunt body. (2) It would 
appear that for blunt bodies boundary-layer cooling is 
not a critical transition parameter for a wall-to-stagna- 
tion enthalpy ratio in the range of about 0.03 to 0.3. 

Shock tube transition experiments on a hemisphere 
configuration implied that transition first occurred in 
the sonic region. This result suggested that higher 
transition Reynolds Numbers might be obtained on a 
more slender shape, such as an ellipse, which had the 
sonic region located closer to the stagnation point and 
therefore would always maintain a relatively low Reyn- 
olds Number (and presumably a_ stable boundary 
layer) in this region. A number of shock tube experi- 
ments were performed on an ellipse-cylinder configura- 
tion (semimajor axis/semiminor axis = 2.0 em./0.635 
cm. = 3.15), with most of the data being obtained at a 
stagnation-to-wall enthalpy ratio of about 17.5. The 
results of these experiments are presented in Fig. 9. 
Contrary to the above reasoning, transition occurred 
at a lower Reynolds Number than on the hemisphere- 
cylinder tested under similar conditions. For the re- 
gion of the ellipse with a weak pressure gradient (S/R > 
1.0. see Fig. 3) transition occurred at essentially a 
constant Re,. Nearer the stagnation point, where the 
pressure gradient was stronger (0.5 < S/R < 1.0), 
transition occurred simultaneously over the entire re- 
gion, as was experienced on the supersonic portion of the 
hemisphere. Data could not be obtained at S/R values 
below 0.5 due to the relative size of the heat-transfer 
gage and model nose radius; therefore, no information 
is available concerning the subsonic region of the el- 
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ellipse-cylinder configuration (hsg/hy~ 17.5). Note: Dashed lines 
represent the Re, distribution for the ellipse model under the 
shock tube test conditions indicated (1/2-in. diameter model 
and M, = 7.0). 


lipse. In comparing the transition Reynolds Number 
distribution on the ellipse-cylinder with the hemisphere- 
cylinder, it appears that the subsonic region of the 
ellipse has a strong influence on the transition Reyn- 
olds Number in a similar manner as on the hemisphere. 
The reason for the ellipse-cylinder having lower 
transition Reynolds Numbers than the hemisphere- 
cylinder is not clear at this time. 
however, that the effect of body curvature in the nose 
Discus- 


The indications are, 


region of a highly cooled body is important. 
sion of this point has been given by Ferri and Vaglio- 
Laurin,” Lees,’® Kuethe,” ' and Jack.'® 

Another comparison of the two configurations may 
be made by considering the cylindrical portion of both 
models at a location well downstream from the stagna- 
tion point [Figs. 6(b) and 9]. One might speculate 
that here we have two regions of zero pressure gradient, 
some distance downstream of a blunt nose where 
boundary-layer history is no longer important, and 
therefore we could expect similar Reynolds Numbers 
for transition. This was not found to be the case, 
however, and the experiments showed that the cylinder 
preceded by a hemisphere had an Ke, for transition of 
about 500 and the cylinder preceded by an ellipse had 
an Re, for transition of about 375 (both for h,,/h, ~ 
17.5). An interesting point is that the two curves 
show no definite indication of converging, as they 
should do as the effect of history loses its significance. 
Apparently the influence of boundary-layer history 
does not wear off for a considerable distance down- 
stream on the cylinder. 

Fig. 10 is the same data as shown in Fig. 9, with the 
Reynolds Numbers being based on a distance along the 
body surface from the stagnation point, instead of 
boundary-layer momentum thickness. 

Fig. 11 is a cross plot of the transition data to show 
the effect of a highly cooled boundary layer on transi- 
tion. The increase in the transition Reynolds Number 
with increased boundary-layer cooling on the hemi- 
sphere has been apparent from previous figures. An 
important point of this figure is obtained from a com- 
parison of the ellipse data with the hemisphere and 
cylinder data. At the location on the ellipse where 
these data were obtained the pressure gradient was 
very weak and essentially zero, as on the cylinder. 
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The fact that the ellipse showed little increase in the 
transition Reynolds Number with increased boundary- 
layer cooling, in comparison with the cylinder (hemi- 
sphere nose) which had similar local flow characteris- 
tics, suggests that the amount of increase in transition 
Reynolds Number with boundary-layer cooling de- 
upon 
history). 
For comparison purposes the momentum thickness 


pends boundary-layer history (body shape 


occurring at transition at various stations on the 1 /2-in. 
hemisphere-cylinder and __ ellipse-cylinder 


Also, the momen- 


diameter 
models are shown in Fig. 12. 
tum thickness distribution on the models for several 
shock tube test conditions are given. The reader is 
reminded that the momentum thickness on a hemi- 
sphere increases as the square root of the model radius. 
This means that, for similar locations and shock tube 
test conditions, Re, for the 1-in. diameter hemisphere 
is V2 times the Re, for the 1/2-in. diameter hemi- 
sphere. Reynolds Number per unit length (Re/in.) 
at a given station and given shock tube conditions may 
be obtained by dividing Re, (Fig. 6) by 6 (Fig. 12). 


Conclusions 


Boundary-layer transition has been investigated in 
shock tube experiments on hemisphere-cylinder and 
ellipse-cylinder configurations under conditions of ex- 
treme boundary-layer cooling. Transition Reynolds 
Number distribution curves have been obtained at 
stagnation-to-wall enthalpy ratios of about 9.5, 17.5, 
and 29.5 (corresponding stagnation-to-wall tempera- 
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ture ratios of about 8.5, 13, and 18). The following 
conclusions were derived from the experiments: 

(1) A characteristic feature of transition of a highly 
cooled boundary layer on a hemisphere was the simul- 
taneous occurrence of transition over the entire super- 
sonic portion of the hemisphere. This implied that 
transition first occurred in the sonic region. The 
minimum transition Reynolds Number associated with 
the first appearance of transition was then the Rey- 
nolds Number calculated for the sonic region. The 
transition Reynolds Number (based on local fluid prop- 
erties at the outer edge of the boundary layer and the 
momentum thickness) in the sonic region increased 
from about 225 to 325 as the stagnation-to-wall en- 
thalpy ratio increased from about 9.5 to 29.5. 

(2) Transition occurred along the cylindrical portion 
of the hemisphere-cylinder model at a nearly constant 
momentum thickness Reynolds Number, increasing 
from about 400 to 625 as the stagnation-to-wall en- 
thalpy ratio increased from about 9.5 to 29.5. 

(3) The highly cooled boundary layers obtained on 
the cylindrical portion of the shock tube hemisphere- 
cylinder model provided an extension of NASA transi- 
tion results obtained on a cooled hemisphere-cone- 
cylinder model in a wind tunnel. The results indicate 
that, for practical purposes, boundary-layer cooling is 
not a critical transition parameter for blunt bodies with 
a highly cooled boundary layer resulting from a stagna- 
tion-to-wall enthalpy ratio in the range of about 3 to 
30. That is, the transition Reynolds Number did not 
vary significantly with boundary-layer cooling in this 
cooling range. but transition always occurred at a low 
Reynolds Number (between about 350,000 and 750,000, 
based on local external properties and a distance along 
the body surface from the stagnation point). 

(4) Transition occurred at a lower Reynolds Number 
on the ellipse-cylinder configuration than on the hemi- 
sphere-cylinder under similar conditions, indicating 
that the effect of body curvature in the nose region of a 
highly cooled body is important. 

(5) In comparing data obtained on the cylindrical 
portion of the ellipse-cylinder and hemisphere-cylinder 
configurations, it appears that the influence of bound- 
ary-layer history on transition is significant for a con- 
siderable distance downstream on the cylinder. 

(6) The amount of increase in the transition Rey- 
nolds Number with increased boundary-layer cooling 
depends upon boundary-layer history (body shape 
history). That is, an increase in boundary-layer cool- 
ing did not increase the transition Reynolds Number 
for the ellipse-cylinder as much as for the hemisphere- 


cylinder. 


Appendix 


The surfaces of three highly polished, hemisphere- 
cylinder pyrex models were examined with an electron 
microscope. The areas examined (the stagnation and 
45° regions) were first cleaned by applying a collodion 
in amyl acetate and stripping when dry. Collodion 
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Fic. 12. Momentum thickness on transition models. Note: 
Dashed lines represent the momentum thickness distribution for 
the hemisphere-cylinder model [see (A), (B), and (C)] and the 
ellipse model [see (D)] under the shock tube test conditions in- 
dicated (1/2-in. diameter models) 


replicas were made of these areas and then made into 
shadowed carbon replicas. Shadow length was cali- 
brated by putting a collodion film (stripped from a glass 
microscope slide) with calibrating spheres, alongside 
the replicas of the models during shadowing. Figs. 13- 
16 are typical photographs obtained by this method. 
Following is a summary of surface information obtained 
from the three sample models :* 


Stagnation Region 15° Region 
Model A Several small pits, Several small pits, 
the largest 10 yu in. the largest 12 yu 
deep; one scratch in. deep; several 
less than 1 yw in. 
deep. and less. 


scratches of 1 yu in. 


Model B_ Ashort gouge, 3 yin. One small pit, 5 uv in. 
deep; no pits or deep; two 
scratches of ap- scratches 1 and 2 
preciable size. win. 

Model C Two scratches, 1 » A gouge 5 yin. deep; 
in. and less than 1 one scratch 1'/»o yu 


p in. in. 
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Fic. 13. Model A, stagnation region showing several pits, the Fic. 15. Model B, 45° region showing two scratches 1 and 2 
largest 10 microinches deep. microinches deep. 


Model B, stagnation region showing a gouge 3 micro- 
inches deep. Fic. 16. Model 45° region showing a smooth surface. 
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Transition in a Separated Laminar Boundary 
Layer 


B. H. LOCHTENBERG* 
Imperial Chemical Industries of Australia and New Zealand Limited 


Symbols 


distance along plate from trailing edge of step (step 


x = 
describes short plate attached to main plate) 

y = distance above step surface measured normal to the 
surface 

6 boundary-layer thickness (U/U,) = 0.99) 

6* = boundary-layer displacement thickness 

6, = boundary-layer thickness at separation 

6; = separated layer displacement thickness 

h = step height 

k = h/é,* 

“u = instantaneous x component of fluctuation velocity 

u’ = root mean square value of u 

U = mean velocity at a point in the boundary layer 

Uy = mean velocity outside boundary layer 

vy = kinematic viscosity 

R = Reynolds Number 

f = oscillation frequency 

B, = 2xf 

R* = Reynolds Number based on 6,* 


Introduction 


| eagerness in understanding the mechanism of transi- 
tion from laminar to turbulent flow in a boundary 
layer has been largely confined to flow along a flat plate. 
The present investigation is concerned with transition 
in a separated laminar boundary layer. A hot wire in- 
vestigation of flow near the short leading-edge bubble 
on a RAE-103 airfoil section led to a study of a bound- 
ary-layer transition in the flow past a step. The step 
investigation represented airfoil bubble conditions ap- 
proximately and to a larger scale. 


Apparatus and Tests 


The investigation was made in the 18-in. by 12!/»-in. 
open circuit tunnel at the Oxford University Engineer- 
ing Laboratory. Transition was studied with a hot wire 
anemometer using a constant resistance technique. 
The 0.0002-in. diameter hot wire was soldered to two 
steel needles embedded in an Araldite plastic probe. 
The probe was carried on a rod held by a micrometer 
transversing head which was clamped to the side of the 
tunnel. The micrometer head allowed a traverse of 
1 in. along and normal to the flow, and this was found 
sufficient to study the development of transition. 

Transition was investigated in the flow above a short 
leading-edge bubble on an airfoil, and in the flow past 
a step. The airfoil was a 10 per cent thick RAE-103 
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section with a 30-in. chord. The stepped plate was 
made up of a short forward plate (referred to subse- 
quently as the step) attached to a 24-in. long, 1 /4-in. 
plate (Fig. 1). The plate spanned the tunnel working 
section and was stiffened and held by longitudinal edge 
angles. Step lengths of 4, 6, and 8.4 in. were used in the 
investigation. By means of filler plates, the step height 
was adjustable to 1/8, 1/4, 3/8, and 1/2 in. All steps 
had a sharp leading edge formed by the intersection of 
64-in. radius arcs, tangential to the surface 4 in. from 
the leading edge. 

The stagnation point was brought to the top surface 
by attaching a 1/2-in. blockage angle to the plate trail- 
ing edge, resulting in a laminar boundary layer. Pres- 
sure distributions, obtained from (.040-in. pressure 
holes let into the plate surface, showed a constant pres- 
sure in the region of transition investigation. 

Hot wire trace records of transition in the flow past 
a step were obtained for the different step heights and 
lengths and at stream velocities of 26, 37, 53, 74, 91, 
and 105 ft./sec. Hot wire oscillograms were also ob- 
tained of artificial disturbances in the separated laminar 
boundary layer, produced by a spark at the step edge. 
The behavior of the separated layer was further in- 
vestigated with a probe carrying two parallel hot wires. 

The investigation of transition was made possible by 
a reasonably low level of tunnel turbulence. As a re- 
sult of several modifications to the tunnel, the level of 
turbulence was reduced to approximately 0.05 per cent 
for most of the stream velocities investigated (see Fig. 2). 

Since transition in the separated layer was always 
initiated by the onset of regular velocity fluctuations, 
vibration analyses were made on the tunnel, the stepped 
plate, and the hot wire probe. Dominant frequencies 
appearing in the vibration spectra were compared with 
the frequencies of the separated layer fluctuations. It 
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PLAN VIEW 


Details of stepped plate showing 6-in. plate and 1/8-in. 


Fic. 1. 
filler plate giving 1/4-in. step height. 











» Was 
ubse- 
4-in. 
rking 
edge 
n the 
eight 
steps 
on of 
from 


‘face 
‘rail- 
-res- 
sure 
yres- 


past 
and 
91, 
ob- 
inar 
dge. 
in- 
res. 
> by 
re- 
1 of 
ent 
2) 
ays 
ns, 
ped 
1eS 
ith 
It 


in. 


eR 





was found that the regular fluctuations in the separated 
layer were not caused by mechanical vibrations or dis- 
turbances external to the flow. 


Results and Discussion 


Leading-Edge Bubble on Airfoil 

Hot wire records showed the development of regular 
waves in the separated boundary layer above the bub- 
ble. Immediately upstream of the separated layer re- 
attachment point, bursts of erratic fluctuations charac- 
teristic of turbulence appeared in the separated layer. 
A typical example of a hot wire trace record showing 
bursts of turbulence is shown in Fig. 3. The regions of 
turbulence grew and rapidly formed a completely tur- 
bulent boundary layer further downstream. The sig- 
nificance of these observations was not appreciated 
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Fic. 2. Total turbulence level in the working section. 
Original Figures 
U — u'/U, per cent— —_— 
Ft. /Sec Max. Ave. Min. 
31 0.083 0.083 0.057 
37 0.067 0.055 0.051 
40.5 0.059 0.048 0.048 
46 0.052 0.047 0.047 
§1.5 0.046 0.041 0.039 
56 0.047 0.045 0.043 
62 0.050 0.046 0.044 
66 0.048 0.047 0.043 
70 0.048 0.048 0.044 
74 0.049 0.046 0.046 
78.5 0.059 0.044 0.044 
85 0.047 0.044 0.042 
92 0.068 0.058 0.053 
97 0.063 0.061 0.059 
102.5 0.075 0.064 0.060 
109 0.085 0.080 0.073 
118 0.095 0.083 0.079 
125 0.098 0.085 0.081 
131 0.097 0.089 0.072 
138 0.109 0.088 0.088 
142 0.117 0.104 0.099 
149 0.123 0.108 0.089 
157 0.135 0.115 0.097 
160 0.127 0.119 0.111 





Step Investigation Velocities 
26, 37, 53, 74, 91, and 105 ft./sec 
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Hot wire oscillogram of velocity fluctuations in transi 
tion region above bubble on the RAE-103 airfoil (time base 
500 eps). 


Fic. 3. 


until transition in the flow past the step had been 
studied. 


Flow Past Step 

Transition in the separated boundary layer past the 
step was observed to be initiated by the onset and 
growth of regular velocity fluctuations. Since the 
fluctuations were observed only in the separated layer 
immediately upstream of transition, they were con- 
sidered to be Tollmien-Schlichting waves. Evidence 
that the regular waves were caused by the natural 
amplification of small disturbances was obtained by 
plotting the results of the investigation on Schlichting’s 
neutral stability curve (Fig. 4). Values of X;+ were ob- 
tained by using the boundary-layer displacement thick- 
ness at the step separation. The error introduced by 
using this value instead of the displacement thickness 
at the point of instability in the separated layer is con- 
Plotted points lie about a line similar 
The points 


sidered small. 
in shape to the arms of the neutral curve. 
represent the fluctuation frequencies observed in the 
separated layer. These frequencies are those which 
have undergone maximum amplification, and points 
therefore lie near the right-hand arm of a neutral curve. 
The scatter of points is partly caused by the range of 
step conditions in the investigation and also by the 
difficulty of obtaining accurate values of the critical fre- 
quency. This difficulty arose because of the scattered 
frequency values on the hot wire trace record. 

A comparison of the envelope of fluctuation fre- 
quencies with Schlichting’s neutral curve shows that 
instability develops more rapidly in a separated than 
in an attached boundary layer. The limit of stability 
or minimum critical value of R;« below which all in- 
dividual oscillations decay in flow along a flat plate is 
given as 420 by Tollmien, 575 by Schlichting’ and 320 
by Timman, Zaat, and Burgerhout.* Schubauer and 
Skramstad? obtained an experimental value for R,« of 
about 425. From the plotted results in Fig. 4, the mini- 
mum value of R;, may be estimated as 350. The criti- 
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cal value of R;, for a separated layer is therefore less 
than 350. 

The step investigation showed that transition in a 
separated laminar boundary layer is brought about by 
one of two alternative mechanisms of breakdown to 
turbulence. The first of these is the burst mechanism 
observed by Schubauer and Klebanoff in the boundary 
layer along a flat plate.‘ An initially regular velocity 
fluctuation becomes unstable and is suddenly ‘“‘trig- 
gered”’ into a burst of turbulence. The burst is followed 
by an exponential decay back to laminar flow. The 
bursts of turbulence grow, merge and rapidly form a 
diffuse turbulent layer. In the second slower type of 
breakdown, the Tollmien-Schlichting waves grow in 
extent and amplitude until each wave becomes dis- 
torted and breaks into a fluctuation characteristic of 
turbulence. At no stage do the waves trigger to a burst. 
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Fic. 4. Observed critical frequencies of regular waves in sep- 
arated laminal layer (4, 6, and 8.4 in. steps) for separated layer 
assume critical 6, = 5* at separation. 


1/2” Step 








—1/8” Step— 1/2” Step- 3/8” Step 
By v Br - Bry Br v 
Uo? R5* Uo? R5* Uo? R5* Uo? R5* 
644 332 753 386 754 366 751 137 
611 453 691 258 653 348 587 432 
594 445 645 365 643 427 553 326 
558 586 425 515 548 573 545 551 
515 608 414 596 496 352 474 425 
510 331 413 182 188 421 420 613 
469 467 387 531 428 497 385 595 
442 760 361 619 412 560 367 676 
436 769 359 664 379 730 327 857 
403 863 331 822 360 642 325 718 
302 878 306 782 347 821 322 767 
378 682 290 933 340 671 308 833 
369 914 286 894 313 802 283 941 
349 810 270 1020 300 978 281 835 
341 963 285 873 276 785 
326 962 224 922 264 840 
319 865 
310 957 





Ka® A ie 2 eine a. ’ 
a ee Mn wl 4: oT nS and al Pigs See \V, 
x= 08, y=0-020 


Fic. 5. Typical example of ‘‘burst’’ type breakdown to tur- 


bulence (step 1/2 in. to 8.4in., Uy = 74 ft./sec., time base = 400 
cps). 
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Fic. 6. Typical example of ‘‘wave’’ type breakdown to 
turbulence (step 1/4 in. to6in., Up = 53 ft./sec., time base = 400 
cps). 


Typical examples of the two types of transition are 
shown in Figs. 5 and 6. 

Transition burst patterns were observed inside the 
separated layer. They were therefore regarded as 
natural breakdowns similar to those observed by 
Schubauer and Klebanoff, and not as the vortex, pat- 
terns of a surface of discontinuity springing from the 
step edge. Nor were the bursts caused by sudden in- 
cursions of the hot wire into regions of reduced velocity. 
Some of the trace records obtained with two parallel 
hot wires, both in the separated layer, showed a burst 
passing through the outer hot wire when no similar de- 
flection was recorded by the hot wire nearer the plate. 
This was in contrast to frequent simultaneous record- 
ings by both hot wires of low velocity regions due to 
waving of the separated layer. 

Nearly all observations of transition in the flow past 
a step showed one or other of the two breakdown 
mechanisms. Artificial spots of turbulence produced by 
a spark showed that when transition was brought about 
by the wave breakdown the conditions were unable to 
support turbulent spots. Spots were damped as they 
passed downstream (Fig. 7). However, a few transition 
observations did show isolated bursts when transition 
due to a wave breakdown was well advanced. 

Whether the Tollmien-Schlichting waves trigger to 
bursts or grow and gradually distort was found to be 
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dependent on the free-stream velocity (U ), the step 0'550/7-— . 
height (“) and the boundary-layer displacement thick- ‘ 
ness at separation (6,*). From an analysis of the con- 
ditions supporting the wave or the burst transition 0 S00F x 
mechanisms, a criterion emerged whose critical value 3 2 
ws separates the two types of breakdown. The form and > Hs 
. . . . . . A ’ 
critical value of the criterion is given by 04507-— < oo 
* x 
#} J J.2 / 2 — 5 
(5,*hUe?/v) crit, = 4.2 X 108 (1) “ x 
The criterion may be expressed as the product of two _~ 0-400 hw . 
Av A : ; “ x 
aie Reynolds Numbers based on the step height and the 2 x 
boundary-layer displacement thickness at separation. ~ m . 
0 tur: Transition is brought about by a wave breakdown at 0 350t— : 
mn ‘ a : ae os it = 0-333 
= 400 values of the criterion less than the critical, and by the 7 om See 
. als » 4 x 6: 
burst mechanism at values greater than the critical. “ eo 
ea se oo ” $ crit. - 0-300 
rhe critical value of the criterion was obtained by 0-300 -— ‘ 
plotting transition observations according to wave or ° o — Wave 
I burst breakdowns. The distribution of (6,4U >?) values ° 
= 4 . ‘ . ‘ ‘ : ° ° 
from the step investigation is shown in Fig. 8, and the 0.250 +-— 8 
separated groupings of the two breakdown mechanisms * Q 
is distinct. 8 
An early attempt at distinguishing between the two 0-200 }+-— ™ 
— types of transition was made by the author.’ A cri- 8 
terion of the form 6,// was suggested, based on observa- - 
0-150 “— 
° 
Fic. 8. Distribution of 6, 4 Uo? values for wave and burst type 
transitions. 
— Spark | nee LD 
Values of 6, h Uy? 
n to SS eee ee ee A. ee Paras me —5s Theor. : ~ a= bs Expt.” es 
- 400 ae as 0-3", y=- 0-005” Burst W ave Burst Wave 
533 355 550 313 
494 323 435 284 
474 292 423 266 
438 290 391 258 
are a ce ee a ce ee ae ee 420 288 380 225 
373 226 
418 247 370 223 
the 396 243 332 195 
: 370 238 310 186 
as x= 03,4 = 0° 345 216 307 182 
by 342 211 304 171 
321 208 301 143 
Dat- ee ee ee ee ee me es DERE 
the 
in- T 7S r —e ov i et 
ity. | tions with the 6-in. step and step heights of 1/8, 3/8, 
llel ee. and 1/2in. The further experimental results available 
irst 0.4" 0” in this work show the 6,/h relationship to be inapplica- 
x= 0- = coma : 
de- y ble as a criterion for type of breakdown mechanism. 
ate. The criterion for type of transition in the separated 
rd- layer past the step is compared with Owen's criterion 
to for a long or short bubble. Owen’s criterion states 
that the bubble will be long or short according to R* 
ast EO ag, CE being less than or greater than a critical range of 400 
. o 500. 
wn x= 0-4", y = 0-005" t mainte : : a —_ ° 
by This bubble criterion is insufficient to determine re- 
out attachment, and it was therefore considered reasonable 
to to modify its form so as to compare it with the criterion 
ley a ee a for transition. Squaring Owen’s criterion and multi- 
- ee ee ee dees by . ‘se wane 
ion dig —— , 
: : k(5,*Uo/v)? = R(16 to 25) X 10 
x= 0-5", y= 0:005 
to Fic. 7. Typical examples of artificially produced turbulent or 
be spots (step 1/4 in. to 6 in., Up = 53 ft./sec., time base = 400 _e ‘ z F 
cps). : hé,* Uo?/v? = k(16 to 25) X 104 (2) 
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Substituting the extreme upper and lower values of k 
found in the experiments we have approximately 


(hd, * Ug?/v?) crit, = (1.5 to 5.7) & 108 (3) 
which may be written 
Rak = (1.5 to 5.7) x 108 (4) 


To determine the behavior of separated flow on an 
airfoil it is suggested that the stability of both the 
separated boundary layer and the bubble must be con- 
sidered. Owen’s criterion determines the stability of 
the laminar boundary layer at separation. It is sug- 
gested that the stability of the bubble can be repre- 
sented by a Reynolds Number based on the height of 
the bubble. 

Eq. (4) is then an approximate criterion for flow sepa- 
Since no value of bubble height 
bubble 


ration on an airfoil. 
was available, Rk, (where / here described 
height) was estimated by using values of k from the step 
investigation. The use of k makes the estimate of the 
critical value, (1.5 to 5.7)10®, doubtful because of the 
different separation conditions over a step and preced- 
ing a bubble. An exploration of the behavior of a bub- 
ble on a large airfoil would be necessary to decide if 
the criterion is valid. 

Asa result of the close agreement between the critical 
values of the transition and bubble criteria in Eqs. (1) 
and (4), a theory for separated flow on an airfoil is put 
forward. It is suggested that a short bubble at the 
leading edge of an airfoil is the result of a burst type 
transition in the separated layer, and a long bubble is 
caused by a wave type breakdown. Investigations of 
transition in the flow past a step showed the burst 
mechanism to bring about transition more rapidly than 
the wave breakdown. On an airfoil, therefore, when 
transition is brought about by the burst mechanism, re- 
attachment of the separated layer occurs near the 
separation point, and a short bubble is formed. For 
conditions of wave type breakdown the slower develop- 
ment of transition prevents a rapid reattachment of the 
separated layer, resulting in a long bubble. Owen, when 
describing leading-edge bubbles, spoke cf a_ short 
bubble being the result of a ‘““dynamic’”’ instability and 
a long bubble resulting from a gradual transition. 

The hot wire investigation of the short bubble on the 
RAE-105 airfoil section showed transition in the 
separated layer to be brought about by burst break- 
downs. However, further evidence is needed to verify 
the proposed theory for separated flow on the airfoil. 


Conclusions 


The investigation of transition in the flow past a 
step, with special reference to the boundary-layer flow 
above airfoil bubbles, resulted in the following con- 


clusions: 
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(1) Transition in a separated laminar boundary layer 
is initiated by the formation of Tollmien-Schlichting 
waves. 

(2) Instability develops more rapidly in a separated 
than in an attached boundary layer. The minimum 
critical value of R;, for the amplification of disturbances 
in a separated layer was estimated as being less than 
350. 

(3) The breakdown to turbulence in a separated layer 
is brought about by either a wave or a burst mechamsm. 
The wave mechanism consists of the amplification, dis- 
tortion, and breaking up of the Tollmien-Schlichting 
waves. The burst mechanism consists of the appear- 
ance and growth of spots of turbulence as observed by 
Schubauer and Klebanoff. Transition develops more 
rapidly with the burst than with the wave breakdown. 

(4) The mechanism of breakdown in the transition 
region is dependent on the critical value of a criterion: 


(6,*hU >? i er = 4.2 ‘4 106 


Wave breakdowns are observed at values less than the 
critical and burst mechanisms occur at values greater 
than the critical. The value of 4.2 X 10° applies to 
separated flow past a step. 

(5) Owen’s criterion for long or short bubbles is in- 
sufficient to determine reattachment. To determine the 
behavior of separated flow on an airfoil more fully, it 
is suggested that the criterion must be in the form of 
R,:R* where h here represents the bubble height. A 
critical value of the criterion must await further ex- 
perimental investigations. 

(6) It is suggested that a short bubble is the result of 
a burst type transition in the separated layer, and a 
long bubble is caused by the slower developing wave 


type transition. 
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Large Deflections of Structures Subjected 
to Heating and External Loads 


M. J. TURNER,* E. H. DILL,77 H. C. MARTIN,{ ann R. J. MELOSH** 
Boeing Airplane Company and University of Washington 


Summary 


The method of direct formulation of the stiffness matrix!~* is 
extended to include the effects of nonuniform heating and large 
deflections. The purpose is to develop an analytical tool for the 
treatment of actual structures. 

In the solution of aeroelastic problems the relations between 
forces and deflections must be determined. The usual stiffness 
matrix formulation of this relationship is limited to small temper- 
For large temperature 


ature changes and small deflections. 
Also the problem be- 


changes additional terms are required. 
comes geometrically nonlinear when large deflections are in- 
volved. To overcome the inherent difficulties of the nonlinear 
problem for practical structures either an iterative or a step-by- 
step procedure must be used. The force-deformation relations 
necessary for this step-by-step or iterative approach are derived 
for an axially loaded member and for a plate element including 


the effects of thermal strains. 


(I) Introduction 


A NUMBER OF PROBLEMS in aeroelasticity and struc- 
tural dynamics are likely to be encountered in 
the design of advanced vehicles and missiles which must 
operate within the sensible atmosphere at high super- 
sonic and hypersonic speeds. In order to solve these 
problems it is necessary to be able to predict the in- 
ternal stresses and structural deflections resulting from 
a combination of thermal gradients, inertia loads, and 
externally applied loads. Although the general prin- 
ciples of thermoelasticity are well established, and 
studies have been published on the behavior of simple 
structures when exposed to aerodynamic heating, there 
is still a great need to develop straightforward nu- 
merical procedures for analysis of complex practical 
structures. 

In the nonuniform high-temperature environment 
which results from aerodynamic heating, classical linear 
methods of structural analysis do not adequately de- 
scribe the behavior of the structure under loads. 
Temperature gradients in statically indeterminate 
structures result in a self-equilibrating system of in- 
ternal forces, and deformation of the structure alters 
the directions internal forces. The 
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components of force resulting from these changes in 
direction must be included in the equilibrium con- 
siderations, thereby introducing changes in the apparent 
or effective stiffnesses of the structure. It seems 
likely that the effects of internal thermal loads on 
structural stiffnesses and vibration characteristics will 
be of particular significance when there is a trend 
toward thermoelastic instability. There is an obvious 
analogy in the behavior of a column whose fundamental 
lateral frequency tends toward zero as the end load on 
the column approaches the critical buckling load. In 
the analysis of aeroelastic behavior of a complex struc- 
ture we need to be able to establish trends in stiffness 
and in the natural frequencies and shapes of several of 
the lower order modes of vibration. 

The experience which has been accumulated since 
reference | appeared has generally confirmed our belief 
that the stiffness method is particularly well suited for 
utilization with high-speed digital computers in the 
analysis of deflections of complex structures. The 
basic underlying principle is to subdivide the structure 
to be analyzed into elements (axially loaded members, 
beam segments, shell and plate elements, etc.) which 
are small enough to permit simple representations of 
their states of strain in terms of a small number of 
parameters. The procedure is quite general and 
appears adequate for the analysis of elastic deflections 
of a large variety of practical structures. It has been 
our intent in this present paper to indicate in a general 
way how the stiffness method can be extended to 
handle large deflections and initial stresses associated 
with temperature gradients. 


(II) Some Important Aspects of the Problem 


(1) Simple Truss 

Force-deflection curves for the simple redundant 
truss of Fig. 1 are shown in Fig. 2. Straight lines in 
Fig. 2 represent the usual linear relationship; the non- 
linear curves reflect the effect of geometry changes as 
the structure deflects under load. The behavior of 
this simple truss is illustrative of the more important 
thermoelastic phenomena associated with complex 
structures. 

The initial stiffness, or slope of the force-deflection 
curve at zero external load, will be designated by A°®. 
When external loading is present the slope A is differ- 
ent from A° if nonlinear effects are taken into account. 

Heating truss member 1-2 will induce compression 
in that member; at the same time the truss will remain 
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Fic. 1. 


Simple redundant truss. 


undeflected. Subsequent application of load F, will 
cause node | to displace and this will be augmented by 
the initial force in 1-2. As a result truss stiffness is 
reduced due to the action of the initial force induced 
by temperature gradient. 

If temperature of 1—2 is increased to a critical value, 
T.,, the truss will have zero stiffness against force F,. 
Still further increase in temperature will then result 
in a negative value for K°. 

If, on the other hand, member 1-3 is heated, im- 
mediate displacement of node 1 will take place. This 
is represented by OB in Fig. 3. An alternative view- 
point is to assume node 1 constrained while member 
1-3 is heated. This requires negative force F,, as 
shown in Fig. 3. After heating has been completed 
constraining force F,, can be relaxed. This will result 
in displacement of node 1 to point B as shown by AB, 
Fig. 3. This procedure simplifies thermodynamic con- 
siderations since individual members remain at constant 
temperature during the relaxation process and subse- 
quent deflection due to application of external loading. 

Simultaneous heating of both members 1—2 and 1-3 
will result in immediate displacement of node 1. 
Equilibrium will eventually be established in a de- 
flected configuration containing a system of self- 
equilibrating internal member forces. 

In addition to the effects discussed above, material 
moduli E and G will decrease as temperature is in- 
creased. This will further reduce structural stiffness 
and must be taken into account. Reduced moduli 
will be represented by Er and Gr, and these may be 
treated as constants for a given member when pro- 
ceeding with calculations by relaxing the initially con- 
strained structure as described above. 

Behavior similar to that exhibited by the truss can 
also be experienced by the complex aircraft structure. 
Assume a wing symmetrical about a horizontal mid- 
plane to be heated uniformly through its depth. Ver- 
tical deflection will then only occur after external load- 
ing is applied to the wing structure. This is analogous 
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to the truss when only member 1-2 is heated. Ther- 
moelastic instability which may result under such 
conditions has been previously studied for simple wing- 
type structures.*~’ 

If heating is nonuniform through the wing depth 
vertical deflection will occur at once. This corresponds 
to heating member 1-3 of the truss. 

For aeroelastic analyses it is assumed that the tem- 
perature distribution throughout the structure is 
fixed and known. Consider first a case in which a 
single force F; is applied and for which the correspond- 
ing deflection is %,. About this point of static equi- 
librium additional deflections are now assumed to occur. 
These incremental deflections are related to corre- 
sponding force increments by the equation 
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Fic. 5. Stiffness vs. displacement. 
where K, = |0F/dw | yan, (2) 
and AF=F-F, Aw=w-y 


In Eq. (1) A; is the stiffness at static equilibrium. 

It will subsequently be seen that, in general, stiffness 
K of the heated structure is made up of two parts, K® + 
K'. Furthermore, K° will be seen to depend on in- 
stantaneous geometry, while K! depends on initial 
member forces as well as the geometric configuration. 
Derivation of general stiffness matrices for heated 
structural members forms an important part of this 
paper. 


(2) Method of Solution 

The objective is to extend the methods of analysis 
presented in references 1 and 2 to provide a method 
of solution for the following problems: (1) to deter- 
mine the effects of initial stresses (as due to temper- 
ature gradients) on structural stiffness, and (2) to 
determine the effects of large deflections on stiffness. 

In order to accomplish these objectives, general 
stiffness matrices, including effects of initial internal 
stresses, are developed in subsequent portions of the 
paper. In this section it will be assumed that these 
stiffness matrices can be found. The purpose here 
will be to show why they are required and how they 
permit a solution to the actual nonlinear problem of 
the complex structure to be obtained. 
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For a typical aeroelastic problem the initial condi- 
tions for the structure will be expressed in terms of 
given distributions of external load and of internal tem- 
perature. The first step in solving such a problem is to 
determine the initial internal forces and the initial de- 
flections. These define the initial equilibrium con- 
figuration. Due to the nonlinear character of the 
problem it is proposed that a step-by-step process or 
an iterative procedure be used in establishing the 
equilibrium state. 

If structural instability occurs, or if the equilibrium 
state is not unique, then the remarks at the end of 
Section (III-2) apply. Here we are interested in well- 
defined, unique, and stable equilibrium configurations 
under the given loading and temperature conditions. 

Fig. 6 illustrates the step-by-step procedure as ap- 
plied to the truss of Fig. 1. It is assumed that mem- 
ber 1-2 has been heated to 7 = 7). We then desire 
to determine both the deflection u due to an applied 
load F,, and the stiffness K corresponding to the equi- 
librium configuration. For the simple truss having 
only a single degree of freedom, it would be a simple 
matter to calculate the required force F,, for several 
assumed deflections u; Plotting these would give 
points 4, B, C,...of Fig. 6. In this way the specified 
load level F, could be reached, at a corresponding de- 
flection u. The required stiffness at D could then be 
calculated or determined graphically from the curve 
(slope at D). 

An alternative step-by-step process may be used. 
This is illustrated by the broken line OA’B’ . . . of Fig. 
6. Since this process is immediately applicable to 
complex structures it is of interest to examine it in 
further detail. 

First divide the load range F, into a number of inter- 
vals given by F,,, F;,, etc. The initial stiffness Ko is 
used to calculate u,' as follows: 
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uy’ = (Ko) : Py. (3a) 


Taking account of the changes in member loads and in 
the structural geometry we can then calculate a new 
stiffness A,. The next increment in deflection is then 
given by 


uo’ — um’ = (K,)—(F,, — F,,) (3b) 

or, in general, 
, / ee td . + ~, 
tmnt ty = (Ky) 1 Fe var F.) (5¢) 


The accuracy of this approximation can be increased 
to any desired level by increasing the number of steps. 

In determining the equilibrium configuration of a 
complex structure the specified loading will be repre- 
sented by a column matrix, 


{mn — Bp 
Py = Piss 


where }/} is a column of constants specifying the dis- 
tribution of external loads, while F is an intensity factor 
which may be increased stepwise from zero to the de- 
sired level, as in the preceding example of the simple 
truss. Thus, corresponding to Eq. (3c) we have (re- 
placing u by w), 

— F,)[K,]— {ft (4) 


| ae oe) a , 
1 Wn41 — Wray = (F 41 


The large amount of numerical work which may be 
involved in this process should not be overlooked. The 
matrices [A,]| must be calculated and also inverted. 
However, it is expected that a small number of steps 
will suffice for many practical problems. 

If only a single point on the true force deflection 
curve is required, plus the stiffness associated with 
that point, it is possible to use an iterative type solu- 
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tion. The process is illustrated by Fig. 7, again for 
the problem of the simple truss. 

It is desired to determine stiffness A, associated with 
Using Ao and load F,, 
This fixes displacement 
stiffness Ky, 
Applying load F, 


equilibrium point .1, Fig. 7. 
point .1; can be established. 
uw. Knowing u, the true 
with point P; can be calculated. 


‘ly according to the 


associated 


and this stiffness gives point 
equation, 


us = (Ki) “"(F, — F,,) + um (5) 


Repeating the process will lead to convergence at 
point .1. Stiffness calculated for u will be the true 
stiffness at 1. Again it is repeated that difficulties 
will arise if instability occurs, or if the displacement 
is not a single valued function of F, in the interval 


from u = (tom. 


(III) Stringer Stiffness 


(1) Derivation 


A stringer is assumed to carry constant tension or 
compression. It may be thought of as the simplest 


load-carrying element appearing in the composite 
structure. Consequently, it is considered first in in- 
vestigating the effect of initial stresses on stiffness. 
The unloaded unheated stringer appears as Ly in 
Fig. 8. After initial strains have developed (which 
may be due to heating) and internal 
stresses have arisen (which may be due to inhibiting 


consequent 


thermal expansion), the stringer appears as L in Fig. 8. 
Also node | is initially fixed at the origin, while node 
2 is left unrestrained. 

First, the stringer will be assumed to be heated to 
7°F. above the room temperature. The unit thermal 
expansion is then a7’, where a = coefficient of thermal 
expansion (in./in./°F.). After heating has occurred 
force will be applied to the stringer sufficient to put it 











Fic. 8. Stringer. 
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in the final position, L, Fig. 8. Under this sequence 


f events the following equations apply: 


/ 


Ll = Vx¥ ty, L= V(x + u)? + (vy + 0)? 

e = (L— kh)/L 

Co = Er(e —al) s 
P = Ao = AEr(e — al) ” 
F. = Pr, F, = Pp 


w= (yt+o)/L 


modulus of elasticity at temperature, 7’, 


1 =] te + @)/Z. 


where Ey = 
and .1 = cross-sectional area of stringer. 

It should be noticed that, in the expression for P, 
the quantity a/° could be replaced by an equivalent 
term arising from a source other than that of a tem- 
perature increase. Also it is seen that / is a nonlinear 
function of displacement components u and v. 

We are now interested in the stiffness of the member 
with respect to incremental displacements from posi- 
tion L. To obtain the desired relation in linear form 
it is convenient to expand F, and F, in a Taylor’s 


series as follows: 


F.(u + Au, v + Av) = F,(u, v) + 
OF, OF, 
Au + Av+... 


(7) 
Ou n> Ov us 


A similar expression holds for F,. By retaining all 
terms in the first derivatives, the complete expression 
for the stiffness will result. This is essential as pre- 
viously pointed out in Section (II). 


‘| d? (Sym.) 
ran AE Au iT 


ya “ "YEN - Ly | —\2 —du A? If 
Fy, Le —Au —w? Au wy Co’ 
or, in compact form, 
[Fl = {FY} + ((K°] + [K')) {4} (11a) 
= {F} + [K]{4} (11b) 


Some pertinent facts pertaining to this last equation 
are now listed. 

(a) }A} is the column matrix of incremental dis- 
placement components u;’ . . . etc., occurring from posi- 
tion L, in which initial force P is present. 

(b) Terms having superscript 1 contain the initial 
force P. 

(c) [K°] represents the conventional stiffness matrix 
for the stringer. It initially appeared as K in reference 
1, Eq. (6). 

(d) [K'] represents the contribution of initial forces 
to the stiffness. The sum of [K®] and [K'] is called 
[A]. This latter matrix represents the total correct 
stiffness at instantaneous configuration Z and initial 
loading P. 

(e) The generalization of Eq. (10) to three-dimen- 
sional space presents no new difficulty and hence need 


not be considered here. 
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By using Eqs. (6), the terms on the right-hand side 
of the above equation can be determined. The result is 


Fi(u + Au, v + Av) = PA + 
[(P/L)(1 — A*) + (AE/Ly)A? Au + 
| [(AE/Io) — (P/L) Au} Av 
and, similarly, 
F,(u + Au, v + Av) = Pu t+ 


| [(AE/Lo) — (P/L)|Au} Au + 
[((P/L)(1 — uw?) + (AE/Lo) py?) Av 


Now remove the restriction that node 1 remain at 


the origin by letting 


—u’, Av=v' —y, 


Au = us’ 


where 1,’ is a displacement component of node 2 from L 
position of the stringer, etc. Also impose equilibrium 


by requiring 


F,,= —F,, F,, = —F, (8) 
Then the equations for force components become 
F,, = —F,, = Pr+ 
[((P/L)(1 — \*) + (AE/Lp)A?](u2’ — wi’) + 
}((AE In) — 6 og L) |Au} (v2’ = v;’) (9a) 
F,, _ —F,, = Pu + 
| [(AE/Lo) — (P/L) du} (u2’ — my’) + 
[((P/L)(1 — pw?) + (AE/Lo) pm?) (v2’ — 4’) (9b) 


These are most conveniently written as a single matrix 


equation as follows: 


1 — » 
—)u 1 — p? 


—(1 — 2) hu 1— ~— 
du “i= @) ~~ t= Ww 


(Sym.) ~ 


(2) Application to Truss 


In order to illustrate the application Eq. (10) the 
truss of Fig. 1 will be considered for the case in which 
member 1-2 is heated. It is emphasized that this 
example is introduced merely to illustrate basic con- 
cepts; the numerical results are not intended to have 
any practical significance. 

The calculation is first made from elementary con- 
siderations. Assume P = A FEzaT (compression) to be 
developed in member 1-2 as a result of heating. Then 
submit node 1 to an arbitrary small displacement Au. 
This will result in a component of P acting in the posi- 
tive x direction of magnitude 4Fra7-Au/4. At the 
same time member 1—3 will be elongated and the com- 
ponent of the tensile force thereby developed is 9AE- 
Au/125. When 7 = 7,, these two components are 
equal, yielding 


T., = 36 E/125 Era (12) 


The solution can also be found by forming the stiff- 
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Fic. 9. Typical plate element. 


ness matrix for the truss. (See reference 1 for a de- 
tailed explanation of this procedure.) Since all node 
displacements except “, are constrained to be zero, 
application of Eq. (10) to the truss will quickly reduce 
to the single equation, 


QO = —PrA + [((AE/Ly)d? + (P/L)(1 — X?®) Jer’ 
—[(Pr): :r (PX)1-3] + 
A [(Erd?/Lo)1-2 + (EX?/L)1-3]u1’ + 
[{(P/ZL)(1 — A*)b ie + f(P/L)( — dD} as Jen’ 
—[(P-0 + 0-A] + A[O + (9/125) E Ju,’ + 
[((P/4) + O]a’ 


II 


Putting P = —AFvaT,, then leads to the same result 
as above for 7°,,. 

It is at once apparent that a trial and error type of 
solution will be required to find 7., from Eq. (12). 
This is so because Fr is not known until the temper- 
ature in the corresponding member is specified. 

For a complex structure, it will, of course, be neces- 
sary to calculate the eigenvalues of the stiffness matrix 
K® + K' in order to determine the thermoelastic in- 
stability modes. Due to the nonlinear nature of the 
problem the equilibrium condition may not be unique 
and instabilities may occur. (This also occurs for the 
truss of Fig. 1 if displacements in the negative x direc- 
tion are considered.) In either case, difficulties will be 
encountered in seeking a solution. Generally, these 
difficulties can be overcome by carrying out equilibrium 
solutions at reduced values of load and/or temper- 
ature. In such cases a graph of some representative de- 
flection versus load or temperature will show the trend 
toward instability. Since a general instability within 
the design envelope of the aircraft is unacceptable, we 
will mainly be interested in identifying such a state of 
affairs when it exists. We need not analyze in detail 
the behavior of the structure in the unstable range. 


FEBRUARY, 1960 


SCIENCES 


(3) Castigliano’s Theorem 


In the following section of the paper the plate stiff- 
ness matrix is derived by applying Castigliano’s theo- 
rem. It is helpful to see the corresponding equations 
for the stringer. If U is defined as 


U = (Er/2) SSS (€ — 2aT)edy = 


(E7/2)ALp(e® — 2aTe) (13) 


where the integration is over the original volume of the 
undeformed stringer and o has been taken from Eqs. 
(6). Then, 


F, = 0U/du = (O0U/0¢€)(O€/Ou) = 


AErLyo(e — al )(Oc€ Ou) 


Again using Eqs. (6) it is found that 
Oc Ou = A Io 


so that 
F, = AEr(e — al)\X = PA 


This is the desired result. 

It should be realized that some important thermo- 
dynamic questions have been omitted in the above dis- 
cussion. Further information on these matters may be 
found in reference 8. For the purposes of the present 
paper the above procedure is considered adequate. 


(IV) Stiffness Matrix for a Plate Element in 
Plane Stress 


The derivation of the stiffness matrix for the plate 
element is closely parallel in principle to that for the 
stringer, although considerably more complicated in 
detail. As in reference 1 we shall employ a plate ele- 
ment of triangular shape as the basic unit for analyzing 
the behavior of flat panels. The principal reason for 
this selection is that the triangle provides the most con- 
venient basis for representing polygonal panels, such as 
general quadrilaterals. 

As noted earlier, it is intended to include within the 
scope of the analysis deformations in which the struc- 
tural elements are subjected to strains that are small 
compared to unity; however, rotations are retained that 
may be large compared to the strains. This is the 
class of deformations involving ‘‘geometrical nonlineari- 
ties’ as defined by Novozhilov in reference 9, pp. 143- 
144. 

For the time being the triangular element is oriented 
with its middle surface parallel to the x-y plane, Fig. 
9, and it is assumed further that the strain components 
and the temperature may be considered constant 
throughout an individual triangular element. In order 
to utilize the fundamental theory from reference 9 for 
the analysis of the heated structure, we shall imagine 
that the elements of the structure are first discon- 
nected and allowed to expand freely during the heating 
process; temperatures are then held constant during the 
remainder of the analysis (permitting the use of con- 
stant elastic moduli). The elements are then forced 
back to their original shapes and reconnected to ad- 
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jacent elements; the structure is held momentarily in 
its original configuration by suitable constraints. Sub- 
sequent steps in the analysis consist in the determi- 
nation of deflections resulting from the removal of con- 
straints and application of external loads. For pur- 
poses of analysis the deformation will be subdivided 
into a series of steps, such that the rotations and the 
changes in displacement that occur in an element dur- 
ing any one step are small compared to unity. How- 
ever, we must still admit the possibility that rotations 
may be large conipared to strains. 

For convenience, displacements are referred to the 
original configuration of the plate before heating; coordi- 
nates of a typical point in the middle surface of the 
plate are (x, y) and the displacement components are 
u(x, y), v(x, y), w(x, y). Strain components are given 
by (cf. reference 9, Eqs. (1.22), p. 13, and (1.117), p. 52) 


= Crzr + (1 2) (w,? = w,”) i 


€rr 
(1/2) (€ryw2 — Crewy) 
yy = Cyy + (1/2)(@2? + w,”) + (14) 
(1/2) (eyzwr — Crywz) 
Cry = Cay — Weldy + (1/2) (Cetor — Cydy) T+ 
ONllsy — Cee) 
where 


€rz = OU/OX, ey = Ov/dy, 
Cry = (Ov/Ox) + (Ou/dy) 
w, = (1/2)[(Ow/dy) — (dv/dz) J, (15) 
w, = (1/2) [(0u/dz) — (Ow/dx) J, 
w, = (1/2)[(Ov/Ox) — (Ou/dy) | 


in which 


= 


0u/0z & Ow/Ox, Ov/O0z = —(Ow/dy) 


The stress-strain relations and the strain energy for 
the heated plate will be expressed first in terms of dis- 
placements from the heated stress-free state. Coordi- 
nates of the typical point in the heated stress-free state 
are denoted by (%, 9) and the displacements from that 
state are #7, 37, ®@. The following relations then apply: 


F=a2(1l+al), § = x1 + aT), 


zl+aT), t#=u-— alx, (16) 
yv—aly, ®=w-—alz 


R 


II 


— oO 


The strains é,,, é,,, and é,, referred to the heated stress- 
free state are given by Eqs. (14). For example, the 
first of these is given by 


ics = Orr + (1/2) (0,2 + 2) + 


(1/2) (€,y@, — 2,0) (17) 


and similarly for the other two strain components. 
The terms in the above equation are found by substi- 
tuting Eqs. (16) into Eqs. (15). For example, 


€,, = OU/Or = (OU/Ox)(OX/OT) = 
[(Ou/Ox) — aT |[1/(1 + aT)] 


and since al’ < 1 and 0u/Ox = e,, this becomes 


Grr = Cpr — al (18a) 
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Similarly, 


Cyy = Cyy — al (1Sb) 


The remaining terms in Eq. (17) will be found to be 
unaffected by temperature and, therefore, by the trans- 


formation represented by Eqs. (16). As a result, 


— al (19) 


€zr = €rr 


and similarly for ¢,,. Other terms are unaffected. 
The stresses satisfy the usual Hooke’s Law relation, 


Orr l yp O Err 
Er 
Cy) = 9 5s Syy (20) 
l— pv 
Ory 0 O Al ley 
where \; = (1 — v)/2. However, as a consequence of 
1 


Eqs. (17), the above equation may be rewritten as 
Er 


0 €rzr J 
EraT 
\oy) = ly Oo | fee} — —— il} (21) 
1 — p* l—p 
0 0 Al ley 0 


Ory 


| Orr l v 
l 


The strain energy for the heated plate is expressed as 


U = (1/2)S SS (Grrter + Cyyeyy + Cryery)dx dy dz 


(22) 


Carrying out the integration over the volume of the 
unheated and unstrained plate and replacing é,, by 
Eq. (19), etc., there results 


U = (1/2)Atlors€se + Cyy€yy + Cryéry — 
al(or + Fwy) | 
i » @ a 
AErt 
"1 2(1 — v’) [err tw éyl|}¥ 1 0 €yy/ — 


0 Q Ai €ry 
d | EraTt 


l—vyp 


(€rr + €y) + F(T) (23) 


where A is the corresponding plate area and ¢ the plate 
thickness. 

At the beginning of a typical intermediate step in 
the deformation process a typical plate element is in a 
state of initial strain with strain components ¢°,,, €°,,, 
e’,,, Our present task is to derive general formulas 
for the changes in the components (with respect to fixed 
axes) of the node forces resulting from small additional 
displacements. In this development the total strain 
with respect to the undeformed state will be required. 
Therefore, we note first that the plate with small initial 
strains can be derived from a fictitious nearby con- 
figuration with zero strains by means of a linear trans- 
formation involving no rotations. To show this set 


° = w, = w,” = 0 (24) 


Cus ae ff (Onu°/Ox) 
owl =] ew] = (Ov"/Oy) (25) 
es ony [(dv° Ox) + (Ou° oy) ] 
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may be neglected by comparison with the remaining 


The coordinates of a typical point in the middle surface 
terms, and the total strains are 


of the strained element are now denoted by (x, y); the 


corresponding point of the unstrained element is (x°, , ‘ ‘ 
Ong FH Cxe’ F (1 2) [(wy’)? + (w,’)?] + 


y°) where “ez ; 
q (1/2)e°,2 
x*= x? + u°(x°, y®), y = ad + v9(x°, ¥") "78 —_— Cus a my ( 1, 2) [(w,’ ) 2 + (c,' )2 > (27) 
. ; F —s . (1/2) tts’. 
Expressions for u°, v° in terms of the initial strains can “ ‘ — F » 
Exy = Cry F Cry — Wr Wy FH (Cy — C%rz)e: 


be derived by integration of Eqs. (25) and imposing 
conditions of Eqs. (24); the resulting formulas are not 
presented explicitly however, since they will not be 
required in further developments. Since the strains 
are given by linear theory we shall not make any dis- 
tinction between differentiation or integration with 
respect to x, y and the corresponding operations with 


Recall that prior to the deflections ’, v’, w’ the plate 
is situated with the middie surface in the x—y plane. 
We consider a triangular element, Fig. 9, with node 
points at (x1, V1), (%2, Ye), (Xs, V3). We assume that for 
small additional displacements wu’, v’, w’, it is suffi- 
ciently accurate to take 






































respect to x°, y®. In fact, subsequent displacements 7 in he iy a 
: u’ =a'x h’y ( 
will be regarded as functions of x, y, rather than , } Pig # 
<9 0 v=dxt+eytf (28) 
sO ad 
? Ig ° / / / / 
2s 4 : w=g'x+h'yt+k 
Additional displacements u’, v’, w’ are now intro- ‘ & 
duced so that total displacements from the hypothetical where a’, b’, c’, d’, e’, f’, g’, h’, k’ are constants which 
unstrained state become can be expressed in terms of the nodal displacements: 
uw=u+u’, v=rv+v, w= Ww’ (26) uy! = a'x, + b’y, + a 
ora baie , ao’ = d'x try 4 wm 
If it is assumed that additional strains and rotations a du tes + f (=9) 
: . ¢ wy’ = g’x1 + h’y, + k’( 
are small compared to unity, but not necessarily of the : iti sh 
same order of magnitude, then terms e,,'w,’, é;;’w,’, etc., ete. 
——— = = bere Therefore, 
| a’ i V31 Vv 0 O O 0 lo,’ 
b’ — X81 —ZXi2 0 0 O 0 U3," 
d’ 1 0 0 V1 Vi2 0 0 Vo,’ 30) 
= (. ) 
e’ D 0 0 ~Te V2 0 0 V3! 
g’ 0 0 0 0 31 Vi2 Wo 4 
Lh’ | | © © 0 © = =x} Lon’! 
where Un’ = U2’ — Uy’, Xy = X2— M1, Yu = Yo — MN, ete. 
and p= X1V3 — Xs1Va = QA 
From Eqs. (14), (28), and (30), 
l uy’ "] 
i Ceo L 23 31 Vie 0 O 0 0 O 0 Uo’ 
/ 
Cyy’ 0 0 0 — X03 —X31 — X12 0 0 0 us 
1 2’ 
Coy = —%mg —-%1 —Xp V23 31 Vie 0 0 0 = , (31) 
9A Vo t 
2w,’ = 0 0 0 0 0 0 == Fes —X31 —X19 me 
3 
2w,’ 0 0 0 0 0) 0 — Vo3 Ten — Vie W / 
d 2w," | L X23 X31 Xj2 23 31 Vi2 0 0 0 | Ws’ 
W;’ | 


Eqs. (31) and (27) express the strain in terms of the initial strains e°,,, €°,,, €°,, and the node displacement ™, 7, @, 
etc. The corresponding node forces may be found from 


Fx, = 0U/Ou,’, Fy, = OU/Ov,’, Fe, = 0U/dw,’, i = 1, 2,3 (32) 
where U is given by Eq. (23) with F(7) omitted since it does not contribute to the forces as found from Eqs. (32). 
Letting 
1 pv O 
vy 1 O]= [B] (33) 
00%” 


then substituting from Eq. (27) into Eq. (23) gives 











In 
a 


E; 


in 


an 


be 





ining 


(27) 


late 
lane. 
node 
t for 
uffi- 


(28) 


hich 
nts: 


(29) 


30) 


1) 


La) 








LARGE DEFLECTIONS OF ST 
»0 > / 
A Et ; \‘ zr : load 
7 ae - (i. Cree. e°, ‘ [B] Pus + 2 ie*.., Cums Ow [B } Cyy 
v) Heo en) 
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/[B] 
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9 /T_,0 »0 »0 
+ -W: f rr © yy y 


| , 5 , = hv TZ 
zr» yy» Ty J 


—~Wr “Wy “| len, 
( e%y/2 | kery i | 
2w,’ ‘ae Cyy » € y I[B] “= 0" ey ‘2 + 2(w,’)* [ezz’, Cyy ez,’ |[B] l zi 2[ez2’, Cy» ery |[B] (w;")? 2 + 
Pit lol a4 
e°,,/2 
(w,’) [e°, Y e° y A Ow _ 2.1182 —e",, ~ | + 2(w * le". 2, Oxy 2; e yy —s By 7 
(—e, — | lol 
wy’)? } 
Qw,’[e°,, iz. —e°,,/2 Cy — rr |[B] »,')?/2 + 21 + v)(w, )* + 
—eo,'esy"" 
(y')?/2) (o9')*/2) 
2(w.’)?[1 + v, 1 + v, O]§ (we’)?/2 0 + [(wy’)?/2, (we’)?/2, wr’ wy’ |[B]\ (we’)?/2 p | - 
ae — Wy ‘wa! 


[AErat/(1 — v) e°s + 6% + err’ + Cy’ + (w./)? + (w,’)?/2 + (w,’)?/2) (34) 
In this last equation the third and tenth matrix multiplications yield only squares in the initial strains (¢",,, ... , ete.) 
They consequently can be neglected compared to the remaining terms. 
Substituting Eq. (34) into Eq. (32) and retaining only those terms which are linear in the displacements, 
\ F; | Ent Zz 0 —xX fees: + ve 0 Y’ —»X’ 0’ \! } 
Fx? =>: T—|]0 —X Y{ \e%Q, + vers : —X vY’' —X’ 0’ v;>+4 
lr.) 22-19 o oft re, ("440-9 0 o of} —ax’ ay’ o’| tw! 
X t X bj u’ 
ky (Cr rx vy E; ple’, 
ee) ee ee ae glee: 
1GA(1 — v) I>( bot 1GA(1 + ») lol a baw’ 
;, xX —X u , 0 u’ 
E7t(e,y Ert(e°s, + ve,, 
mn vaGhoeoct ile v.01] Jor 4 Enteter + mS big, vn dort 4 
16A(1 + v) Io lo | br4 1A(1 — »*) J_y/J baw’) 
0 u’ 0 0 u’ 
Ert(e?y, en E; = , , 
(ey + Hr 2) 6 we wilt marr ia) 6 lwo ~ 
4A(1 — 9°) >» P| 8A (1 Dad a }_x\ lw’) 
_ Y wh Gia X 0 0 u’ 
viii & x re ae 0 | 10',0, —X’]+2 4 10',0, _yr ort (35) 
21 —») | 9 | / 8A(1 — ») lo & x lvl Pa, 
X23 V2 | 0 
in which xX ( Y= ! 0 = ‘ (36) 


ae 


and primes indicate the transpose of a matrix. 
A partial check on the previous assumptions and lengthy calculations occurs in that the last equation may finally 


be expressed in the form, 


Sy yy as a a yy 
eg @e? ys aa ie 


2 


3 


© 


= [P+ 


Ss 


({K°] + [K')) | 


lol 


,’ (37) 
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Also o°,;, o°y,, and o°,, are the initial stresses given by 
Eq. (21) as follows: 


ree 1 vp O Cis ] 
Er Eral - 
j) = ——1 1 Of] f4ei-——_ {8} 
ee l— yp 
oxy 0 0» xy 0 


It can now be observed that [K°] agrees with Eq. 
(B-3) of Reference 1 and [K'] is proportional to the 
initial stresses as in the case of the stringer (see Eq. 10). 


(V) Concluding Remarks 


It is believed that sufficient basic material has been 
presented here and in references 1 and 3 for carrying 
out the deflection analysis of complex composite struc- 
tures. Such structures may, for example, consist of 
an assemblage of beams, ribs, trusses, and flat, or nearly 
flat, cover sheets carrying plane stresses (with or with- 
out directional stiffeners). 

Although the stiffness matrix as presented for the 
triangular plate element assumes a special orientation 
in which the element is parallel to the x—y plane, a simple 
coordinate transformation can be introduced to derive 
the corresponding matrix form for the arbitrarily 
oriented element. 

Also it is noted that a shell element with single 
curvature (portion of a developable, cylindrical, or 
conical shell) can be approximated by a series of flat 
plate elements. This makes it possible to use the re- 
sults presented here, and in the preceding papers 
(references 1 and 3), for the analysis of elongated, 
slender bodies. Work is in progress to determine 
whether this is a satisfactory procedure, or if it might 
be preferable (because of a possible reduction in the 
number of required elements) to use matrix stiffness 
expressions which have been derived explicitly for shell 
elements possessing single curvature. 

Also, some comment appears to be in order as to the 
probable importance of the bending stiffness of the 
cover plate elements. This has been omitted in the 
published results. Actually it is a relatively straight- 
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t Y Oo -xX \o'z| 
where {Fo} = 7s me Tl te (38) 
“Lo 0 om) 
S + AQ (Sym.) 
K°®] = —vR — ),R’ iS (39 
aii, 4A ( ae ‘ Q ; P 
3 3 
3Q (Sym.) | —-Q  (Sym.) R + R’ (Sym.) 
(KX) -'"=|R ~g ‘o'w| R’ 3S + )Q4g5 RR’ (40) 
16A 16A 8A 
0; 0; 48 | 0; 03 4Q 0; 0; —2 (R T R’) 
and Q = XxX’, R= XY’, S = YY’ (41) = 
0 0 0 ‘ forward task to derive stiffness matrices for shell or 
wee 2 8 (42) plate elements subjected to simple modes of bending. 
09 0 9) These can then be introduced into the analysis of the 


composite structure. However, in the majority of 
practical wing structures it is believed that these con- 
tributions will prove to be negligible, relative to the 
wing stiffness as a whole. Of course, a plate type 
analysis would be recommended for solid or sandwich 
wing structures having full depth core. However, 
even for these types it has been found that direct 
calculation of the stiffness matrix is a practical pro- 
cedure; in fact, in such cases the basic ‘“‘building block” 
in the analysis is the stiffness matrix for the quadri- 
lateral plate element. 

It will be evident to the reader that inelastic effects 
and buckling instabilities of structural 
elements have been neglected in the foregoing develop- 
In principle, it would be possible to carry out 


individual 


ments. 
a step-by-step or iterative analysis of a complex struc- 
ture in which the load-deflection characteristics of indi- 
vidual elements are represented by nonlinear functions. 
However, the increase in computational labor would be 
considerable. In fact, the required functions would 
not even be single-valued in general since the sequential 
order is significant in applying large deformations. 

In performing this work the authors have been par- 
interested in applications to problems in 
structural dynamics—flutter, response to 
fluctuating loads, and dynamic load analysis. It is 
believed that the methods of elastic analysis presented 
in this paper will be useful for the solution of a large 
class of practical problems. These are of the type 
to analyze small amplitude 


ticularly 
transient 


wherein it is necessary 
vibrations of a structure containing initial thermally 
induced stresses plus a system of external loads. 


References 


’ Turner, M. J., Clough, R. W., Martin, H. C., and Topp, I 
J., Stiffness and Deflection eign aoe of Aperagicy Structures, Journal 
of the Aeronautical Sciences, Vol. 23, No. 9, pp. 805-823, 854, 
September, 1956. 

2Levy, S., Structural Analysis and Influence Coefficients for 
Delta Wings, Journal of the Aeronautical Sciences, Vol. 20, No. 
7, pp. 449-454, July, 1953. 


(Continued on page 127) 

















































EE 





(38) 


(39) 


(40) 


ell or 
ding. 
f the 
Y of 
con- 
> the 
type 
wich 
ever, 
lirect 
pro- 
ock”’ 


adri- 


fects 
tural 
-lop- 
out 
‘ruc- 
indi- 
ons. 
d be 
ould 
itial 


par- 
> in 

to 
t is 
ited 
urge 
ype 
ude 
ally 


yo 
ral 
854, 


for 
No. 





Application of Power Spectral Methods 
in Airplane and Missile Design 


KENNETH R. THORSON* ann QUENTIN R. BOHNE** 
Boeing Airplane Company 


Summary 


This paper illustrates some applications of power-spectral 
methods in the determination of dynamic loadings and response 
for both airplanes and missiles subject to continuous turbulence. 
Input-transfer-function-output relationships are discussed and a 
procedure outlined whereby mission design load information may 
be obtained utilizing high-speed digital computing equipment. 
Where time rate of change of the atmospheric and aerodynamic 
characteristics is significant, a continuous analog simulation is 
Applications of these techniques to specific problem 
These include determination of design fin load 


suggested. 
areas are shown. 
for a representative high-performance airplane, an evaluation of 
crew station accelerations for low-level high-speed operation, 
and missile gust loads in a terminal dive condition. 


Symbols 

2 = spatial frequency, rad./ft. 

(2) = output power spectrum, (load )?/(rad./ft.) 

T (iQ) = load frequency response function 

@; (Q) = input power spectrum, (ft./sec.)*/(rad./ft.) 

a0 root mean square load output 

N (&€) = expected number of exceedances of a given 
load per foot of flight 

N = expected number of crossings of the zero load 
reference axis with positive slope per foot of 
flight 

g = load 

Cu = root mean square gust velocity 

@;, (Q) = normalized input power spectrum 

A? = integrated output power spectrum 

F (ou;) fraction of total flight distance spent in 
turbulence with a root mean square level 
Cuj 

f (ou) probability density function of oy 

q = generalized coordinate 

q’ = first derivative of g with respect to r 

q” = second derivative of g with respect to 7 

[M4] = generalized inertia coefficient matrix 

[M2] = coefficient matrix of damping terms not con- 
voluted with unsteady lift 

[M3] = structural stiffness coefficient matrix 

[M4] = aerodynamic damping coefficient matrix 

[M;] = aerodynamic stiffness coefficient matrix 

{C;} = gust force coefficient matrix 

Vz = true gust velocity 

[A] = inertia load coefficient matrix 


[B], [C], [D] = coefficient matrices of aerodynamic loads due 
to the response 


{E} gust load coefficient matrix 


iH 
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. = symbol denoting convolution 

K(r) Wagner unsteady lift function 

Wr) = Kussner unsteady lift function 

T = aerodynamic time (r = Vt/b) 

V = true airspeed 

t = time, sec. 

b = semichord 

7) = reduced frequency, rad./semichords traveled 
i = frequency, rad./sec. 


vs = scale length of turbulence 


R(E) - distance ratio: miles of flight per exceedance 
of — divided by miles of flight by Strato- 
cruiser per exceedance of its limit load 

D = distance flown, ft. 

An = incremental load factor 

N,( An) number of exceedances of An in the ith alti- 
tude band 

Ni An} o,) = number of exceedances of An in the ith alti 


tude band for a given value of o, 


Introduction 


r THE PAST, existing gust load design criteria have 
proved adequate for those airplanes which have 
These design 
The 
maximum gust loads were measured on one family of 
airplanes, and, through use of a simplified gust load 
transfer function, a discrete design gust of a specified 
shape and magnitude was selected. For a new con- 
figuration the inverse process was used to determine the 
If the new configuration was 


been designed by gust requirements. 
criteria are based on a load transfer concept. 


load for this design gust. 
essentially similar to those on which the loads were 
measured, it could be expected that the gust load for- 
mula would satisfactorily predict the maximum gust 
load experience of the new configuration. 

Present and future airplane and missile configura- 
tions may differ markedly from those on which the 
loads were measured, thus invalidating the existing 
semiempirical gust design criteria. Consequently, 
additional, more comprehensive design requirements 
and analysis techniques have been developed to meet 
the needs of these advanced configurations. It is the 
purpose of this paper to illustrate some applications of 
the newest of these techniques in the prediction of de- 
sign gust loads—-namely, the power spectral method. 
For background purposes earlier methods of gust load 
prediction will first be reviewed briefly. 


Gust Load Formula 
A number of gust load transfer functions have been 


used. Perhaps the most widely accepted formula was 
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INPUT SPECTRUM 


given by Pratt,’ which was essentially a formula for 
finding airplane vertical acceleration by dividing the 
lift due to the gust by the airplane mass. An allevia- 
tion factor was used to account for gradual build-up of 
lift, gust gradient, and alleviation due to the rising of 
the airplane with the gust. The assumptions upon 
which this simple mass-parameter gust load formula 
was based are: 


(1) The airplane is rigid. 

(2) The airplane is free to rise but not pitch. 

(3) The airplane penetrates a discrete gust of (1 —cos) 
shape and length equal to 25 wing chords. 

(4) The gust is distributed uniformly across the span. 


Dynamic Gust Analysis 


With the advent of low load factor airplanes which 
were large and flexible, but still of a more or less conven- 
tional type, it became necessary to consider the influence 
of structural response to dynamic loading and the 
assumptions associated with the gust load formula. In 
particular, those specifying a rigid airplane and negli- 
gible pitch response were no longer valid. The simple 
gust load formula was replaced by a set of simultaneous 
integro-differential equations, the solution of which 
yielded the time history of airplane motions; further 
-alculations then provided the load history. 

The necessity for comprehensive dynamic analyses to 
account for dynamic loading effects increased the com- 
plexity of the gust load prediction problem by an order 
of magnitude. Treatment of the gust problem by these 
methods of dynamic analysis became practicable only 
with the advent of high-speed digital and analog com- 
puting equipment. Numerous authors contributed to 
the development of methods of dynamic gust analysis, 
including Goland,? Bisplinghoff, et al.,? and Houbolt.‘ 
The assumptions upon which these methods are com- 
monly based are: 


(1) The airplane is free to pitch, translate vertically 
and deform elastically. 

(2) The airplane penetrates a gust of (1 — cos) 
shape. Unlike the mass parameter gust load 
formula the gust length is varied to produce 
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critical phasing, thus yielding a maximum load 
at each load station on the airplane. 
(3) The gust is distributed uniformly across the span. 


Although this represented a significant advance 
toward a more rational method of gust load prediction, 
it was still limited to a rather arbitrary description of 
the gust input. The entire spectrum cf continuous 
turbulence was still represented by a discrete gust of 
a given magnitude and of one-minus-cosine shape. In 
essence, this represented an extension of the load trans- 
fer concept to include the influence of airplane dynamics. 

Studies by Press and Mazelsky® and by Richardson® 
indicated that, with even more marked variations in 
vehicle configuration shape, performance capability, 
and stability characteristics, consideration of the gust 
input as continuous rather than discrete was important. 
This was particularly true for those high-performance 
configurations which exhibited relatively poor damping 
characteristics. For such configurations, prediction of 
gust loads based on a discrete input could result in a 
serious underestimation of the gust loads. Under 
these conditions the applicability of the discrete gust 
load transfer concept is questionable, because of the 
wide differences between the measuring airplanes and 
those for which the loads are desired. 


Power Spectral Methods 


The development of more rational techniques for 
gust load prediction which are applicable to such con- 
figurations is a two-fold problem. The requirements 
are, first, the determination of adequate vehicle gust 
load response characteristics and, second, a more 
rational description of atmospheric turbulence as a 
continuous phenomenon. The vehicle response charac- 
teristics are given by the gust load frequency response 
function which is obtained by a minor extension of the 
previously described dynamic analysis for a discrete 
gust input. Clementson,’ Liepmann,’ and Press® have 
contributed to the definition of a continuous turbulence 
input based on application of the theory of generalized 
harmonic analysis. This general approach to the 
prediction of gust loads has been termed the power spec- 
tral method of gust load analysis and is described in 
some detail by Press and Houbolt.° In the remainder 
of this paper the authors will indicate some applications 
of the power spectral method in the determination of 
vehicle response and in prediction of design gust loads. 
First, however, a few comments will be made relative 
to the basic treatment of the gust problem by power 
spectral techniques. The procedure is essentially that 
defined by Press in reference 9. 


Basic Power Spectral Relations 


The basic elements of any gust analysis problem can 
be summarized as shown schematically in Fig. 1. They 
include an input disturbance, based on a representation 
of the atmosphere, a linear system defined by its re- 
sponse characteristics, and an output, defined in terms of 
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POWER SPECTRAL METHODS IN 


the load or response item of interest. For a power 
spectral analysis the input is characterized by the power 
spectrum of atmospheric turbulence. The response 
characteristics of the vehicle are defined by the output 
spectrum for the load item of interest. 

A fundamental relationship which holds between out- 
put and input spectra for linear systems is given below. 


(2) = |7(i2)|2@,(Q) (1) 


The output spectrum is obtained as the product of 
the input spectrum of gust velocity and the squared 
modulus of the vehicle frequency response function. 
Also, from the output spectrum, the mean square 
value or the variance of the load can be determined as 


ata = { @)(Q)dQ (2) 
0 


Further, if atmospheric turbulence can be considered 
as locally stationary and Gaussian, as suggested in 
reference 9, and if the input spectrum shape is invariant 
with the root mean square level of turbulence, it is 
possible to calculate the expected number of times that 
a given load is exceeded per unit time or distance flown. 
The expected number of exceedances N(é), of load £, as 
derived by Rice!! and extended by Press’ is given by 

i. 


N(é) = Noe@ #/200" (3) 


where 


x 1/2 
, [ 224) (Q)d2 
No ae /0 he (4) 


+ { $)(Q)d2 
0 


N» defines the expected number of times per foot dis- 
tance flown that £ crosses the zero reference with a posi- 
tive slope. 

It is possible to rewrite Eq. (3) in terms of the fre- 
cuency response characteristics of the vehicle and the 
root mean square level of the turbulence input by defin- 
ing a normalized gust velocity input spectrum such that 


@,(Q) = o,2;,(Q) (5) 


where ®,,({) is the normalized gust input spectrum with 
a root mean square value of unity and o, is the root 
mean square level of the turbulence. 

Substituting ®,(Q) from Eq. (5) into Eq. (1) yields 
the output spectrum )(2) in terms of the normalized 
gust velocity input spectrum #,,(Q) and the root mean 
square level of the turbulence ¢o,. 


@(Q) = |T(i2)|24,,(Q) 0.2 (1a) 


Further substitution of )(Q2) from Eq. (la) into Eq. (2) 
yields 


oo? = oy? f | 7(i2)|2&,,, (Q)dQ (2a) 
0 


Thus, by substitution of the above expression for a 
in Eq. (3), the expression for the expected number of 
exceedances of load & per unit distance flown may be 
rewritten as 
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N(&) = NeW C2 A0¥9 (6) 
where 


A= | T (iQ) 2@,,(Q)dQ (7) 
0 


In a similar fashion Vy may be rewritten 


: 1/2 
,; I 0? T(iQ) *,,(Q)d2 
0 (8) 


No a y) w= 
2r — 

| T (iQ) 2*,,.(Q)dO 

70 
Under these conditions both A* and N> are functions 
only of the vehicle frequency response characteristics 
and a normalized gust velocity power spectrum shape. 

Eq. (6) defines the expected number of exceedances 

of a given load level per foot traveled, for a given root 
mean square level of the gust input and for a stationary 
Gaussian process. Since over large space or time inter- 
vals the root mean square level of turbulence varies, the 
operational load history of an airplane arises as a sum- 
mation of the fractional time exposure to turbulence of 
various root mean square levels. For turbulence de- 
fined in terms of several discrete root mean square 
levels, o,;, Eq. (6) can be written 


N(t) = Nod Flouje~ @/*4"” (9) 


— 
j 


where F(o,,;) is the fraction of the total flight time or 
distance spent in turbulence with a root mean square 
level o,;. Eq. (9) has been extended to integral form 


N(é). = No [ flayem FA da, (10) 
/ 0 


where f(¢,) is the probability density function of oy. 
Press in reference 9 has presented several empirical 
expressions for f(o,) as a function of altitude and 
weather condition obtained by fitting existing loads 
history data. 

Eq. (10) is the basic equation used in the design gust 
load investigations. For a given scale length of tur- 
bulence the determination of A*, No, and the evaluation 
of the integral given in Eq. (10) represents a relatively 
minor extension of the larger effort required to calculate 
the vehicle frequency response function. Some ex- 
amples of application of power spectral methods will be 


discussed below. 


Fin Loads Due to Turbulence 


The first example illustrates an application of power 
spectral methods in the preliminary design examination 
of fin loads due to turbulence. The configuration 
under study was a relatively flexible manned bomber 
with a high-performance capability. 

To cover the intended operational usage of the air- 
plane, five different mission profiles were defined, in- 
cluding both training and tactical operation. To each 
of these was assigned a value representing the fraction 
of total life which the airplane was expected to spend 
in each mission. These are shown in Fig. 2. 
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a high-performance manned bomber 


Each of the mission profiles was in turn subdivided 
into several weight-speed-altitude blocks. Within 
each block it is assumed that the vehicle mass and mass 
distribution, speed, and altitude are constant. Choice 
of the number of blocks to be considered is based on 
considerations of required accuracy and complexity of 
analysis. Consideration must be given not only to the 
differences in turbulence input in each altitude block 
but also to the change in the dynamic response charac- 
teristics resulting from fuel usage, speed changes, and 
change in atmospheric density with altitude. 

The next step involved the derivation of equations of 
motion and load equations from which the vehicle 
response for each of the specified weight-speed-altitude 
blocks could be determined. The problem in the present 
example was a preliminary design investigation yielding 
fin gust load data. A study of the configuration indi- 
cated that the major features of the problem could be 
covered by considering the airplane response defined in 
terms of airplane yaw, roll, sideslip, and body side 
Also included was the influence of a 
This 


bending freedoms. 
yaw axis artificial stability augmentation system. 
system in the airplane was idealized by providing a 
rudder input which was linearly proportional to airplane 
yaw rate. 

Matrix techniques utilizing high-speed digital com- 
puting equipment were applied in the derivation of the 
coefficients of the equations of motion for each of the 
defined weight-speed-altitude blocks. Further equa- 
tions expressing the fin load in terms of the applied gust 
and vehicle response were derived for each of the 
weight-speed-altitude blocks. The solution for the 
load frequency response function involves determination 
of the steady-state load response amplitude to a unit 
sinusoidal gust applied to the fin as a function of the 
forcing frequency. In this preliminary design study it 
was considered sufficient to examine the effect of a 


lateral gust only. More rigorous studies would include 


the influence on fin load of the roll producing capability 
of the asymmetrical vertical gust components. 
high-speed digital computing equipment is used in the 
solution for the frequency response function. The 


Again 
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equations of motion, loads equations, and a set of fre- 
quencies covering the range in which the trequency 
response function is desired are read into the com- 
puter. In practice the initial machine calculations are 
based on a relatively uniform spread of frequencies 
over the desired range. However, in order to define the 
frequency response function with sufficient accuracy 
in the vicinity of the response peaks it is usually neces- 
sary to recalculate the response function with closely 
spaced frequencies near these peaks. Theoretically, 
the frequency spectrum from zero to infinity should be 
covered. However, the frequency content of turbu- 
lence, as defined by existing gust spectra, is such that 
most of the energy is associated with the lower fre- 
quencies. A practical cut-off frequency appears to be 
one whose period corresponds to a distance traveled of 
one chord length or less. The response amplitude and 
phase angle for each of the supplied frequencies is com- 
puted by the machine. 

The calculation procedure used in the program is 
given as follows. The equations of motion and an 
equation predicting the gust loads in terms of the 
response are written in matrix form as given below: 


[Milfg”} + (Meltq’} + (Mslfg} + I fq’}eK(x) + 
[Ms|{q}«A(7) = {Ci} Vox (7) (11) 


{é} = [A]{q”} + [B]{q’} + [Clig’}*K(r) + 
[Dl {q}aK(r) + [E}Vyxv(7r) (12) 


where {g} are the generalized coordinates defining the 
response in the rigid and elastic modes. [./,| is the 
generalized inertia matrix. [J], [173], [A/;], and [1/5] 
are matrices defining the aerodynamic and structural 
stiffness and damping characteristics of the vehicle. 
The asterisk denotes convolution with the Wagner and 
Kussner lift growth functions A(r) and y(r), respec- 
The right-hand side of Eq. (11) is the forcing 
The symbol 7 denotes 


tively. 
function due to the gust. 
dimensionless aerodynamic time, V///b, which is meas- 
ured in number of semichords traveled. 

The loads equation, Eq. (12) is defined as a summa- 
tion of the inertial and aerodynamic loads resulting 
from the vehicle response and the loads due to the gust 
itself. The matrix coefficients [A], [B], [C], [D], and 
{|Z} define the load components in terms of the co- 
ordinate response and the gust. 

The response for a unit sinusoidal gust input of fre- 
quency w is found by taking the Laplace transform of 
each side of the above equation and substituting the 
variable iw for the transform variable p. 


{(—[My]o? + [Ms] + iw[Me]) + ([Ms] + 
iw[Ms])K(iw)}{g} = {C}W(iw) (13) 


The digital program solves for the complex coordinate 
responses, {g}, in Eq. (13) by matrix algebra. Inser- 
tion of {gq}, zw{q}, and —w?{q} in the loads equation, 
Eq. (12), results in the load response for the frequency 
®. 

This calculation is performed for each of the supplied 
frequencies, and a tabulation of the load amplitude and 
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phase angle is printed out. Shown in Fig. 3 is a plot of 
the amplitude squared of the fin load frequency re- 
sponse function for one of the weight-speed-altitude 
blocks of mission A shown in Fig. 2. 

Although the problem is solved in terms of the re- 
duced frequency w = bf/v, the frequency response func- 
tion is normally plotted in terms of the frequency argu- 
ment f in radians per second for the purpose of com- 
paring peaks with the vehicle natural frequencies. 
However, the turbulence spectra are defined in terms 
of the spatial frequency 2 in radians per foot traveled. 
It is therefore necessary to rewrite the frequency re- 
sponse function in terms of Q prior to determining 
the load output spectrum. This relationship is defined 
by 

f= va (14) 


Having defined the load frequency response function, 
the next step is the definition of the normalized gust 
input spectrum. The normalized spectrum for ver- 
tical turbulence usually given in the literature* * !° is 


@,,(Q) = (L/m)[(1 + 32°0*)/(1 + L?0?)?] (15) 


gq 


where L is the scale length of the turbulence. In this 
study we are concerned with turbulence velocity fluctua- 
tions in the lateral direction since the problem is one of 
predicting fin loads. The assumption has been made 
that the lateral and vertical spectra are equivalent. 
Further, a scale length of 1,000 ft. has been assumed. 
It is recognized that these assumptions are somewhat 
arbitrary in the light of recent evidence, particularly in 
the low-altitude regimes; however, they will serve for 
purposes of illustration. 

Insertion of the normalized input spectrum and load 
frequency response function into Eqs. (7) and (8) will 
yield the parameters A® and Ny which were described 
earlier. 

In practice the conversion to spatial frequency 2 and 
the calculation of A? and Ny for each weight-speed- 
altitude block are effected in the digital program pre- 
viously described. The assumed normalized input 
spectrum is written into the digital program. Theo- 
retically the integrations in Eqs. (7) and (8) should be 
extended over the entire frequency spectrum, but in 
practice good results are obtained with a cut-off fre- 
quency as described previously. 

The expected number of exceedances of a given load 
per foot traveled in a given weight-speed-altitude block 
is obtained from Eq. (10). 

As described earlier empirical expressions have been 
derived for f(o,) for several altitude bands. 

Using these expressions for f(o,) and the values of 
A? and N, determined from Eqs. (7) and (8), it is pos- 
sible to calculate by Eq. (10) the expected number of 
exceedances of a given fin load versus the load itself for 
each of the defined weight-speed-altitude blocks. 


Choice of Design Criterion 


Since the results obtained by the power spectral 
method are statistical, the task remains to choose for 
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Fic. 3. Modulus squared of the fin load frequency response 
function for one of the weight-speed-altitude blocks of mission 


design purposes an acceptable rate of encounter, as 
defined by the distance to fly to exceed a given load. A 
means of specifying an acceptable rate of encounter 
which is compatible with the past history of satisfactory 
operation is required. A comparative method of 
evaluation is outlined below which will lead to the selec- 
tion of a design value on a rational basis. 

If past airplanes, which were originally designed on 
the basis of gust rather than maneuver considerations, 
were re-examined by power spectral techniques it would 
be unreasonable to have a design criterion that would 
result in increased design gust loads in view of their 
proven satisfactory gust experience. Instead, the 
re-evaluation of past airplane gust loads on a power 
spectral basis should provide a criterion for selection of 
design loads on a more advanced configuration. One 
such criterion might be the selection of a design load 
on the basis of equal probability of exceeding limit load 
rather than equal design gust velocity. Under these 
conditions correspondence is established between the 
satisfactory, but somewhat arbitrary, gust criteria of the 
past and the more rational but untested power spectral 
approach. In the present example the predicted load 
experience of the configuration under study is defined 
relative to that predicted for the Boeing Stratocruiser. 
Thus, the curves which describe the expected distance 
flown to exceed a given fin load once, in each weight- 
speed-altitude block, are ratioed to the predicted dis- 
tance to be flown by the Stratocruiser to exceed its 
design limit fin load once. This distance ratio is 
denoted as R(£). The distance which the Stratocruiser 
must fly to exceed its design fin load was determined 
from a gust power spectral analysis of the Stratocruiser 
based on representative North Atlantic and _ trans- 
continental operation. 

In Figs. 4, 5, and 6 are shown the results of the ex- 
ample study. Fig. 4 describes the relative distance to 
fly to exceed a given load for each of the various seg- 
ments of mission A shown in Fig. 2. The load corre- 
sponding to a value of unity for the distance ratio K(é) 
for each segment is the limit fin design load which should 
yield a gust load risk level, on the airplane under 
study, which is comparable to that for the Strato- 
cruiser assuming the airplane spent its entire life in 
that segment. Curves of this type for each mission 
indicate clearly the relative significance of the various 
segments of the mission. 
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each of the various segments of mission A. 


Fig. 5 describes the relative distance to fly to exceed a 
given load for each of the five missions. These curves 
are weighted to account for the fraction of the total 
distance flown in each segment of a given mission. 

Let R(£) be defined as the distance ratio shown as the 
ordinate in the Figures. 

Then, for mission A, 


Ra = (Da, D,} 1 / > N,@D; | (16) 
j=1 


where 7 is the total number of segments in mission A, 
D, is the distance in feet which the Stratocruiser flies to 
exceed its limit fin load once, D; are the distances 
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each of the five missions comprising the operational usage of the 
airplane. 
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flown in the 7 segments of mission A, D, is the tota 
distance flown in mission A, and N;(£) is the number of 
exceedances of load (£) per foot traveled in segment /. 

Again a value of unity for the distance ratio R(é) 
denotes for each mission the limit fin load for that mis- 
sion which would yield a risk level comparable to the 
Stratocruiser. 

Similarly, Fig. 6 shows a single curve which repre- 
sents a weighted average of the curves for all of the mis- 
sions. The weighting factor depends on the anticipated 
ratio of distance flown in each mission to the total dis- 
tance for all missions. These ratios are based on the 
assumed operational usage of the airplane given in 
Fig. 2. 

Choice of a limit design fin load associated with a 
unit value of the distance ratio R(£) should yield a fin 
gust load experience comparable to that for the Strato- 
cruiser, including the influences of the various opera- 
tional usages of the vehicle. Further information can 
be obtained from these curves such as the relative risk, 
defined in terms of the distance ratio R(é), for any 
chosen fin design load. Probably the greatest value 
lies in the ability to assess the relative importance of the 
various segments of each mission and the various mis- 
sions which make up the operational life of the vehicle. 
It can also be seen that the values of the exceedances 
derived for each weight-speed-altitude block can be 
used as building blocks in estimating the effect on fin 
gust load of changes in the operational usage of the air- 
plane. 


Crew Station Accelerations Due to Random 
Turbulence 
In certain types of missions operational limits may be 
dictated by the influence of turbulence on crew efficiency 
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considering all five missions and the fraction of total distance 
flown in each. 
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and flight precision rather than structural limitations. 
In particular, it has been found that in high-speed low- 
altitude missions the range and speed of the airplane is 
apt to be limited by the acceleration environment in- 
duced at the crew station by excessive turbulence. 
Since this limitation results from a continuous exposure 
to turbulence, it follows that the problem should be 
studied from a power spectral approach rather than a 
discrete loading approach. The problem is twofold in 
that the crew station environment must be determined 
and human tolerance levels for the mission must be 
defined. 

The crew station environment is defined statistically 
by power spectral methods. By this technique the 
unportant parameters relative to crew tolerance can be 
determined—namely, amplitude, vibration frequency, 
and time duration of acceleration. 

The definition of human tolerance levels for airplane 
operation is not well established at this time. Whereas 
some standards are available which give acceleration 
as a function of frequency for various sensation levels, '* 
more research is necessary to determine the length of 
time that these levels can be endured and to establish a 
definition of ‘‘damage’’ in the human fatigue sense 
including consideration of the function which the crew 
member must perform. In defining the concept of 
damage it must be recognized that more effort and con- 
centration are required to fly an airplane at low altitude 
than at normal high altitude. In the recent work of 
Mozell and White!‘ an evaluation has been made of the 
effects of vibration on visual acuity and the ability to 
perform a manual task. Their study was in a fre- 
quency range above the fundamental structural modes, 
however, and did not include the effects of prolonged 
exposure. 

As an illustration, a study has been made predicting 
the lateral acceleration environment at the tail gun- 
ner’s station during high-speed low-altitude operation 
of a manned subsonic bomber. This is usually the 
most critical crew station location with respect to 
turbulence excitation. 

The input used in this study is again that given 
in reference 9 for the zero to 10,000 ft. altitude band. 
It is recognized that this information is not strictly 
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applicable at extremely low altitudes. Unpublished 
data indicate a probable decrease in the scale length of 
the turbulence and an increase in the intensity, par- 
ticularly on the horizontal plane, at altitudes from zero 
to 500 ft. For illustrative purposes, however, the data 
of reference 9 should suffice. 

The basic block diagram of Fig. 1 requires two ele- 
ments in the transfer function determination. The 
first is the determination of the crew station environ- 
ment in terms of frequencies, magnitude, and duration 
of loads. Since the ultimate answer required is a 
measure of crew efficiency, the second element of the 
transfer function must transform crew station loads 
into crew damage by evaluating factors associated with 
crew tolerance. In this example primary emphasis is 
placed on the former determination. The loads thus 
obtained can be applied by the human factors engineer 
to the crew member through a given seat-suspension 
system to determine crew damage. 

The degrees of freedom included in the study were 
sideslip, yaw, roll, body side bending, body torsion 
rudder deflection, and stability tab deflection. The 
output information was lateral acceleration at the tail 
gunner station. Studies were made for low-altitude 
high-speed flight considering the influence of variations 
in the yaw damper configuration. 

Results of the study are shown in Figs. 7 and 8. For 
illustrative purposes the acceleration frequency response 
functions for different yaw damper configurations are 
given in Fig. 7. The parameter which is varied is the 
ratio of the stability tab deflection to the bob weight 
deflection in a mechanical yaw damper system, or it 
might be considered as a gain in an electronic yaw 
damper. Although the values of such parameters are 
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boost-glide vehicle. 


usually dictated by other conditions, it can be seen in 
Fig. 8 that these relatively simple changes may have a 
large effect on the expected number of exceedances of 
the various acceleration levels. 

It is also evident from Fig. 7 that most of load will be 
experienced at the body side bending frequency of 1.7 
c.p.s. Hence, for preliminary work it might be as- 
sumed that all of the acceleration occurs at that fre- 
quency, and tolerance factors could be determined for 
this frequency. It should be pointed out that the struc- 
tural loads such as fin load are most critical at the lower 
yaw-roll frequency, although the crew accelerations 
occur predominantly at the body bending frequency. 
Thus, corrective measures, such as yaw stability aug- 
mentation, might be beneficial in reducing fin loads, 
whereas they would have little effect on crew station 
accelerations. 


Continuous Analog Simulation 


Although the previously described methods of power 
spectral analysis provide a convenient tool in deter- 
mining the gust loads of airplanes and missiles, there are 
certain limitations which must be considered. One 
such limitation is the assumption that the physical 
characteristics of the vehicle are invariant within the 
time duration of interest defined by the time within a 
given weight-speed-altitude block. Under this assump- 
tion the governing equations become a set of simul- 
taneous integro-differential equations with constant 
coefficients similar to those shown in Eq. (11) which are 
amenable to the described digital solution procedures. 
However, for missiles with high vertical velocities dur- 
ing boost and terminal dive, important parameters 
such as mass, velocity, Mach Number and dynamic 
pressure may vary quite rapidly over rather wide 
ranges. Under these conditions the coefficients of the 
equations of motion may no longer be considered con- 
stant. The methods described earlier may not there- 
fore be applicable. 

In the example described here we are interested in 
determining the gust loads in the terminal dive phase of a 
boost-glide missile. The vehicle initiates the terminal 
dive at Mach 4 at an altitude of 84,000 ft. and impacts 
at Mach 2 at sea level. The desired result is the ex- 
pected number of exceedances, per dive, of any given 
normal load factor versus the load factor. From this 
information a design gust load factor may be based on 
the selection of an acceptable risk level, in terms of ex- 
pected number of flights to exceed the design load fac- 
tor. 

In order to account for the influence on gust loads of 
these rate effects a continuous analog simulation tech- 
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1960 
nique is suggested. The basic elements of this analog 
simulation are shown in the block diagram given in Fig. 
9. Mazelsky and Amey” have described in some detail 
the analog simulation of random excitations and vehicle 
response characteristics. 

The simulation of the atmospheric turbulence, which 
is applied as an input to the analog representation of 
the vehicle, is accomplished by means of a ‘white 
noise’’ generator and a filter circuit. The ‘white 
noise’ generator produces a random time varying 
voltage output with a flat power spectrum and a de- 
sired probability distribution. The filter circuit is 
used to tailor the spectrum shape to the desired form 
without altering the probability distribution of the 
noise input. In designing the filter circuit it was neces- 
sary to rely on atmospheric turbulence data obtained 
from airplanes in essentially horizontal flight. How- 
ever, in the case considered here the missile flight path is 
near vertical. Two problems arise in this process. 
The first deals with the shape of the gust spectrum. 
Press and Steiner'® have indicated that there is a serious 
question as to the applicability of gust spectra deter- 
mined from airplanes with essentially horizontal flight 
How- 
ever, since no adequate spectral descriptions exist for 
the vertical flight case, the filter circuit was adjusted to 
produce a spectral shape matching that given in Eq. 
(15) for horizontal flight. The second problem deals 
with the assumption of the continuous nature of the 
turbulence input. Since the vertical dimension of 
turbulent areas is often small compared to the hori- 
zontal dimension, it is possible that the time required 
for the high-speed missile to traverse the turbulent area 


paths to configurations with near vertical paths. 


is not large compared to the missile response times. 
In this case, the assumption of a locally stationary 
process described earlier would not be valid and a 
different atmospheric turbulence representation would 
be required. In this example the continuous turbulence 
input was assumed, although for future applications the 
validity of the assumption should be examined in terms 
of specific missile velocity, flight path angle, response 
frequencies, and typical dimensions of turbulent areas. 

The equations of motion of the vehicle are wired in 
the analog. The variations in the time-dependent 
parameters are simulated by means of function genera- 
tors. In this example the vehicle response could be 
defined adequately in terms of a rigid body transla- 
tional mode and a pitch mode. It was necessary, how- 
ever, to include the effect of an artificial stability aug- 
mentation system. It was found that this could be 
represented with a simple linear, nonlagged control 
function. 

The load factor output for each dive is fed into a 
counting device. The count appears as a random step 
function, a unit step being made each time a given load 
factor level is crossed with a positive slope. 

A typical record for one dive illustrating the time 
variation of load factor and the count is shown in Fig. 
10. This analog record represents the simulation of 
one dive of the missile from the maximum altitude to 
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impact at sea level. Fig. 10a describes the time history 
of load factor for this one dive where time zero corre- 
sponds to the initiation of the dive and the last time 
point corresponds to impact at sea level. Also indi- 
cated are the load factor bands in which the counts are 
made. Fig. 10b describes the output of the counter 
where N(An;) represents the number of crossings with 
positive slope of the 7th band. Aiso shown are the alti- 
tude levels through which the missile passes in the dive. 

From the counts of Fig. 10 it is possible to determine 
the average number of exceedances of various load fac- 
tor increments for a single dive. To obtain the neces- 
sary degree of statistical reliability a number of dives 
must be made. In this study a total of twenty dives 
was considered sufficient, and the average number of 
exceedances of each load factor band for each dive was 
determined. These were collected in each altitude 
band. For a linear system, the load factor increment, 
An, is directly proportional to the root mean square 
intensity of the turbulence, o,. In this problem it was 
therefore only necessary to examine the case for one 
value of o,, and solutions for o, other than that con- 
sidered are determined from a linear extrapolation. 

As described earlier, atmospheric turbulence cannot 
be defined in terms of a constant value of o,. Again 
probability distributions of o, for several altitude bands 
are defined in reference 9. These probability distribu- 
tions of o, may then be used to determine the expected 
number of exceedances in each altitude band accounting 
for the variation in o,. Thus, 


N,(An) = I N (An) on) f(ou)don (17) 
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Fic. 10. Typical record for one dive illustrating the time 
variation of load factor and the counts of exceedances of various 
load factor levels. 
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Fic. 11. Comparison of power spectral solution and continuous 
analog simulation results 


where V,;(Am) is the number of exceedances of An in the 
ith altitude band. 

N;(An| o,) is the number of exceedances of An in the 
ith altitude band for a given value of o,. N;(An! o,) is 
determined from the counts of Fig. 10. The actual 
integration of Eq. (17) has been carried out numerically. 

The expected number of exceedances for each dive 
can be determined by simply summing those within 
each altitude band. The final results are then pre- 
sented in the form of expected number of exceedances 
per dive of any given incremental load factor. These 
results are shown in Fig. 11. 

The procedure described here is applicable to those 
cases where the effects of rapid time variation of the 
system parameters may be important. In order to 
evaluate the importance of this rate effect for this 
configuration a conventional power spectral solution 
was also made. The procedure is essentially the same 
as that described in the first example. The terminal 
dive phase of the flight was divided into 15 altitude 
bands. The time varying coefficients in the equations 
of motion were assumed to be held constant in each 
band at a value defined by the midpoint of the band. 
The gust load transfer function was then determined for 
each band as well as values for the parameters A? and 
No given by Eqs. (7) and (8). 

Using Eq. (10), it was then possible to calculate the 
expected number of exceedances, in each altitude band, 
of the various load factor levels. These were then 
summed, after introducing weighting factors propor- 
tional to the distance traveled in each band, to yield the 
expected number of exceedances versus load factor level 
for each dive. The results of this analysis are shown 
together with the results of the continuous simulation 
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in Fig. 11. As can be seen, for this example at least, 
there is little difference between the results of the con- 
ventional power spectral solution and the continuous 
simulation. Thus, for this example, rate effects are 
not significant. It is anticipated, however, that rate 
effects may be important for boost conditions where 
there is a rapid change in mass and mass distribution 
and for vehicles with poor stability characteristics. 

From this curve the design load factor corresponding 
to a specified risk level may be selected. For example, 
the limit gust load factor which would be exceeded 
once, on the average in 100 dives, is 6 g’s. 

For simplicity we have considered here only one facet 
of the missile structural design problem. In a rational 
treatment of this problem consideration should be 
given on a similar probability basis to the effects of 
other load producing phenomena such as wind shear and 
maneuver. 


Concluding Remarks 


Some illustrations have been given on the application 
of power spectral methods in the prediction of design 
gust load information and system response in continu- 
ous turbulence. In these illustrations a statistical de- 
sign load philosophy has been presented which considers 
the intended operational usage of the airplane including 
a rational approach to the problem of establishing an 
acceptable rate of load encounter. This criterion is 
based on a comparative evaluation of the configuration 
under study with an airplane which has a proven satis- 
factory gust experience. 

Power spectral methods have also been demonstrated 
as an effective means of evaluating the influence of 
system parameter and flight condition changes as they 
affect the acceleration environment to which the crew is 
subjected. In particular it is shown that relatively 
minor variations in the gain of artificial damping sys- 
tems may have significant effects on the statistical 
description of crew station accelerations. 

In certain missile configurations, particularly during 
boost and terminal dive, the rapid time rate of change of 
the system parameters may be significant in the predic- 
tion of gust loads. Under these conditions the power 
spectral approach based on description of the system 
frequency response function within given weight-speed- 
altitude blocks may not be valid. For those cases 
where rate effects are significant a continuous analog 
simulation technique is suggested, utilizing power 
spectral concepts in the synthesis of atmospheric tur- 
bulence as an input to the computer. Limitations on 
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the applicability of this spectral description of atmos- 
pheric turbulence are also described. Application of 
this technique to the prediction of gust loads on a repre- 
sentative missile in the terminal dive condition is dis- 
cussed. 
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Propagation of Weak Disturbances in a Gas 
Subject to Relaxation Effects’ 


FRANKLIN K. MOORE* ann WALTER E. GIBSON** 


Cornell Aeronautical Laboratory, Inc. 


Summary 


A generalized wave equation is derived for sound disturbances 
in a gas when relaxation effects connected with, for example, 
molecular vibration or dissociation are important. Solutions in- 
volving discontinuous wave fronts are presented, and it is shown 
that, under certain assumptions, the complete wave equation re- 
duces to a variant of the telegraph equation. Detailed solutions 
are presented for disturbance fields produced by a wavy wall in 
subsonic and supersonic flow and a simple wedge in supersonic 
flow. This study is viewed as a step in the development of a 
theory of small disturbances of a high-temperature gas, as is found 


behind the shock in hypersonic flight. 


Symbols 
A = constant, Eq. (44) 
a = inclination of wave front, Eq. (46) and Fig. 3 
a, = equilibrium sound speed, Eq. (17) 
a, = frozen sound speed, Eq. (16) 
b = wave attenuation, Eq. (46) 
C = transformation factor, Eqs. (35) and (39) 
D = quantity defined in Eq. (18c) 
E = internal energy per unit mass 
f = slope of surface as function of é 
f* = slope of surface as function of X 
I, = Bessel function of the first kind, of an imaginary argu- 
ment 
K = function of k and M, Eq. (22) 
k = ratio of sound speed, a,/a, 
M = Mach Number based on frozen sound speed, #/a, 
p = static pressure 
g = heat of dissociation per unit mass 
R = gas constant 
RD) = inclination of discontinuous wave front 
T = translational temperature 
t = time 
u = velocity in x direction 
v = velocity in y direction 
X = transformed x coordinate, Eq. (21) 
x = coordinate (in stream direction for steady flow) 
Y = transformed y coordinate, Eq. (21) 
y = coordinate (normal to stream direction) 
a = fraction of diatomic molecules dissociated 
8 = quantity subject to relaxation (either a or 3) 
yy; = ratio of specific heats for frozen process 
65 = amplitude of wavy wall 
€ = related to difference of sound speeds [= (1 — K*)/2] 
7 = transformed Y coordinate, Eqs. (35) 
© = wedge angle 
v8 = vibrational temperature 
X = wavelength of wavy wall 
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= dimensionless frequency, Eq. (42) 


v 
g = coordinate measured normal to frozen waves 
o@ = quantity defined in Eq. (18d) 
T = relaxation time for constant p and JT 
7* = relaxation time for adiabatic process 
@ = velocity potential 
w = variable of integration 
Subscripts 
Subscript notation is used for partial differentiation 
d pertains to dissociative relaxation 
e = equilibrium conditions 
f frozen conditions 


pertains to vibrational relaxation 


evaluation at a surface 


r denotes distance at which 8 effectively reaches equi- 
librium 
Superscripts 


Primes denote perturbation quantities [except X’, Y’, 
Eqs (24 )] 

Bars denote the undisturbed uniform gas flow 

(0), (1), (2), . . . suecessive terms in expansion of ¢, Eq. (34). 


Introduction 


6 be CLASSICAL THEORY of aerial vibrations, upon 
which nonviscous small-perturbation theories of 
aerodynamics are based, applies when these degrees of 
freedom of the constituent gas molecules which happen 
to be excited are either in a state of complete equi- 
librium at each instant during the motion, or remain 
unchanged (frozen) during the motion. In air at ordi- 
nary temperatures and densities, molecular translation 
and rotation are the only excited degrees of freedom, 
and the relaxation times for these degrees of freedom 
are very short compared with ordinary acoustic periods. 
In such cases, equilibrium acoustic propagation may be 
assumed. 

During hypersonic flight at high altitude, however, 
the air behind the leading shock wave is generally at 
very high temperature, and may be at low density. 
These circumstances tend strongly to excite the addi- 
tional degrees of freedom of molecular vibration and 
dissociation of diatomic molecules. These “‘inert” de- 
grees of freedom have longer relaxation times than the 
“active” processes of translation and rotation. Fig. 1 
summarizes available information'~‘ concerning the 
variation of the various relaxation times with tempera- 
ture for the constituents of air. The results presented 
are referred to sea-level density. At high altitudes, the 
times are much longer, being inversely proportional to 
density. 
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Fic. 1. Relaxation times for air, referred to a density of 17atm 


In many problems of hypersonic flight, therefore, one 
may expect that the relaxation times of the excited de- 
grees of freedom are comparable with the times for the 
passage of a gas particle over the flying object. In such 
cases, aerodynamic theory should include consideration 
of relaxation effects. In the present paper, we shall be 
concerned with the necessary modifications of the small 
disturbance, or acoustic, theories of aerodynamics. 
Fig. 1 indicates that, except near certain temperatures 
at which the relaxation time curves cross, the various 
relaxation times differ by factors of the order of 10. 
Thus, in a problem for which relaxation of a certain de- 
gree of freedom is important, other processes would 
have either much shorter relaxation times, and hence 
tend to be in equilibrium, or have much longer relaxa- 
tion times, and hence tend to be frozen. Therefore, ina 
wide variety of cases involving air, relaxation of each 
degree of freedom may be considered separately. 

Wave propagation in a relaxing gas is complicated by 
the fact that the speed of propagation of a sound wave 
depends on whether the propagation occurs by an 
equilibrium process or a frozen process. This fact is 
prominent in the extensive literature of ultrasonic ab- 
sorption.» The wave speed which applies when the 
acoustic period is shorter than the vibrational relaxa- 
tion time is greater than that which applies for long 
periods. Further, for those intermediate periods which 
are comparable to vibrational relaxation time, acoustic 
energy is absorbed. 

Fig. 2 shows calculations® of the variation of sound 
speed with dissociation level for oxygen. The propaga- 
tion speed is largest when both vibration and dissocia- 
tion are frozen, and is smallest when both these proc- 
esses proceed in equilibrium. An intermediate wave 
speed occurs when vibration is in equilibrium but dis- 
sociation remains frozen. It is noteworthy that if, in 
the spirit of the previous discussion of relaxation times, 

only one degree of freedom is considered at a time, the 
frozen and equilibrium sound speed do not greatly 
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differ. For oxygen, the difference would not exceed 10 
per cent. A similar set of curves to which the same 
conclusions apply may be calculated for nitrogen. 

Wood and Kirkwood,’ Chu,’ and Resler® have 
studied the propagation of waves in a gas which possess 
the various degrees of freedom discussed above. These 
authors were chiefly concerned with the formulation of a 
proper method of characteristics to be used in numerical 
solution of nonlinear problems. Chu!’ also presents an 
analysis of certain aspects of the acoustic wave pattern 
produced by a piston suddenly set in motion. The 
present paper deals only with the theory of small dis- 
turbances, and begins with the development of a single 
differential equation to replace the classical wave equa- 
tion under circumstances when relaxation effects are 
important.’ This general equation will be found to be 
the same as that previously derived by Morrison!! for 
the propagation of elastic waves in a solid material for 
which a time lag exists between the application of stress 
and the appearance of strain. In some cases, this 
generalized wave equation may be solved in closed form 
in certain important regions of a small-disturbance flow 
field.t| Making proper use of the observation that the 
frozen and equilibrium sound speeds are not greatly 
different permits a reduction of the general differential 
equation to a variant of the telegraph equation and, for 
this equation, solutions in closed form for an entire flow 
field may be derived. 

The purpose of the present paper is to contribute to 
the extension of aerodynamic theory to flows involving 
relaxation phenomena. Therefore, boundary conditions 
which are related to problems of aerodynamic interest 
will be emphasized, though the theory may readily be 
applied to problems of unsteady wave propagation. 
The particular examples chosen for this study are the 
wavy wall in both subsonic and supersonic flow, and the 
supersonic flow over a simple wedge. Finally, brief 
consideration will be given to the connection between 


7 A detailed account of this and other topics covered in this 


paper is provided in reference 12. 
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Fic. 2. Speed of sound in oxygen (from reference 6). 
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the present theory and the theory of dispersing non- 
linear waves.'4 


The Wave Equation 


Basic Equations for a Weak Disturbance 


In order to derive a wave equation for small dis- 
turbances of a gas subject to relaxation processes, we 
may first write the equations expressing the conserva- 
tion of momentum, mass, and energy as follows, neg- 
lecting viscosity, heat conduction, and diffusion: 


pu, + Vp’ = 0 (1) 
p: + pV-u = 0 (2) 
pL,’ + pV-u = 0 (3) 


Apart from the disturbance field, the gas is assumed to 
be at rest, though in a state of vibrational or dissocia- 
tive excitation. Each variable of state is described by 
a small deviation (p’, for example) about a mean state 
(p). 

The necessary set of disturbance equations is com- 
pleted by adding a real-gas definition of E (the internal 
energy), an equation of state, and a rate equation for 
the relaxation process. 

The state equation 


bp = (1 + a)pRT (4a) 


where a is the fraction of original molecules dissociated, 
may be written in the linearized form 


b'/p = [a'/(1 + &)] + (0'/p) + (T'/T) (4b) 
The internal energy may be written as 
E = [(5 + a)/2)RT + (1 — a)Ed + ag (5a) 


where # is the vibrational temperature, and is equal to 
the translational temperature 7 for the special case of 
fully excited vibration, and g denotes the heat re- 
quired to dissociate a unit mass of diatomic molecules. 
Eq. (5a) may be linearized as follows: 


E' = [(6 + &/2]RT’ + (1 — &Rv’ + 
[g + (RT/2) — Rdja’ (5b) 


It is assumed that translation and rotation are in 
equilibrium, and that either vibration (#) or dissocia- 
tion (a) is subject to relaxation. We write the rate 
equation in a form suitable for consideration of small 


disturbances, 
—(DB/Dt) = (1/7)[8 — Bee, T)) (6a) 


which states that the Lagrangian rate of change of 8 
(used here to denote # or a, whichever is applicable) is 
proportional at each instant to the difference between 
the actual 6 and the value 6, which would apply if 
equilibrium prevailed at the existing level of density 
and temperature. The constant of proportionality 
(1/r) is a reciprocal relaxation time. The function 6, 
is presumed to be known from equilibrium gas theory 
or experiment. 


Eq. (6a) may be justified in general terms by the 
following argument: The quantity 8 changes as a con- 
sequence of an imbalance of forward and reverse reac- 
tion rates related to the occurrence of molecular colli- 
sions in the gas. In general, these rates depend on the 
populations of the interacting species—e.g., an excess of 
atoms would favor recombination. Thus, assuming 
that the reaction rates are regular functions of popula- 
tion (8), the net production of 8 may be expanded in a 
Taylor series in (8 — 8,). The right side of Eq. (6a) is 
the first term in such an expansion and is valid only 
when 8 — £, is small. 

In order to make a consistent linearization of Eq. 
(6a), we may write 8, in the form 

Be = B + Berl’ + Bepp’ (6b) 

Linearizing the Lagrangian derivative, and writing 
8 = B + B’, Eq. (6a) then becomes 

—B,' = (1 7)(B’ _ | ad = Beh’) (6c) 

Eqs. (1)—(3), (4b), (5b), and (6c) constitute the com- 
plete set of small-disturbance equations which will, after 


introduction of a velocity potential, be combined to 
yield a single equation of acoustic propagation. 


Derivation of the Acoustic Equation 
Taking the curl of Eq. (1) shows that the vorticity at 
any point in the gas remains constant for small per- 
turbations. Since we are concerned with waves in a 
gas initially at rest, it follows that the flow is irrota- 
tional. Therefore, a velocity potential may be defined: 
u=Vo (7) 
and, from Eqs. (1) and (2), 
p' = —pey (8) 
p: = —pV*d (9) 
Next, we may observe that, for wave motions in a 
gas initially at rest, Eqs. (2) and (3) provide that 
E’ — (p/p*)p’ = 0 (10) 


Eq. (10) states that the flow process is adiabatic. If 

the gas remains either in the equilibrium or the frozen 

state, the process is also reversible, and the flow is isen- 

tropic. If we are concerned with vibrational relaxa- 

tion, dissociation will be assumed frozen, so that Eqs. 

(5b) and (10) give 

(p/p’)p’ = [(5 + &)/2|RT’ + (1 — &) Rd’ 

(1la) 


If we are concerned with dissociation relaxation, 3} = 
8,(7), and Eq. (11a) is replaced by 


(b/p?)p’ = {[(5 + &)/2] + (1 — &)d,} 7” + 
[g + (RT/2) — Rd.Ja’ (11b) 


In these two cases, the rate Eq. (6c) becomes 
—d,! = (1/7,)(8’ — 3,7") (12a) 


for vibrational relaxation (and frozen dissociation), or 
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—a,’ = (1/7a)(a’ — aepT’ — ae,p’) (12b) 


for dissociative relaxation (and equilibrium vibration). 
Corresponding to Eqs. (lla) and (12a), the state Eq. 
(4b) is simply 

b'/b = (p'/p) + (T"/T) (13) 
while, corresponding to Eqs. (11b) and (12b), Eq. (4b) 
applies directly. 

The differential equation for @ may now be deter- 
mined by the following process, which we will trace for 
the case of dissociative relaxation: Eqs. (1lb) and 
(4b) yield two independent expressions for a’ in terms 
of p’, 7’, and p’. These two expressions may be sub- 
stituted into Eq. (12b), yielding two equations con- 
necting p’, 7’, and p’. Between these two equations, 
T’ may be eliminated. Then Eqs. (8) and (9) may be 
introduced into the resulting equation connecting p’ 
and p’, yielding a single differential equation for ¢. An 
equivalent procedure applies in the vibration case. In 
either case, the result may be expressed in the form 


(r*0/Ot) (dit = @ rv") +oi —_ a.’V*o = 0 (14) 


This is the required generalized acoustic equationT 
which, it may be shown, also governs each of the other 
dependent variables of the problem.{ The new quan- 
tities 7* (effective relaxation time), a, and a, (frozen 
and equilibrium sound speeds, respectively) appearing 
in Eq. (14) are defined as follows: 


r*/r= 1/{1 + D(yyz a 1)Ber] (15) 
a? = y/(b/d) (16) 
tigi, (vs — 1)DBey ~ it, — 7) DB, (17) 
. [+ (Ys ae 1) DBep , 
in terms of the following expressions: 
Vibration Dissociation 
B = v0 /T a’/(1 + &) (18a) 
7 + 3a 7+ 3a + 2(1 — a)e., 
oo = ei ; e (18b) 
5+ @ 5+ a+ 2(1 — &., 
l1—@ l q v 
D=- . = 8 
1+a ot RE T —_ 
c= I 1 + (1/D) (18d) 


The expressions listed above are the result of the 
manipulations leading to Eq. (14). The identification 
of a, and a, as frozen and equilibrium sound speeds can 
be justified in two ways: First, from basic acoustic 
theory, we know that the speed of sound is given by 


a? = dp/dp (19) 


evaluated for the particular thermodynamic process 


Tt Identical in form to that derived by Morrison" for propaga- 
tion of elastic waves in a material for which Hooke’s law is sub- 


ject to relaxation, in effect. 
t See reference 10, in which Eq. (14) is shown to govern a tem- 
perature disturbance in a relaxing gas. 


which applies. For frozen flow, 6’ = 0, and elimination 
of 7’ between Eqs. (lla) and (13) [or between Eqs. 
(11b) and (4b)] yields an expression for dp/dp = p’/p’ 
identical with that listed as a, in Eq. (16). For equi- 
librium flow, 6 — 8. = Oor, from Eq. (6c), 8’ — 6.,7" — 
B.,p’ = 0. Carrying out the elimination of 8’ and 7” 
between this equation and Eqs. (11a) and (13) [or Eqs. 
(11b) and (4b)] yields an expression for p’/p’ identical 
with that identified as a,” in Eq. (17). A second means 
of identification of a; and a, is provided by the new 
Eq. (14) itself: If 7* — 0, we must have equilibrium 
motion, and the second wave operator, which would 
dominate the motion, must be identical with the 
equilibrium wave operator, so that a, is the equilibrium 
sound speed. Conversely, if we have a frozen process, 
the first operator dominates, and a, must be the frozen 
sound speed. A more complete account of the deriva- 
tion of Eq. (14) and the identification of sound speeds 
appears in reference 12. 

In effect, therefore, Eq. (14) involves a combination 
of the two wave operators, frozen and equilibrium, one 
of which would be equated to zero separately if the 
process were purely frozen or purely equilibrium. If 
the relaxation time is long, the frozen operator will 
dominate Eq. (14), while in the opposite case, the 
equilibrium wave operator will govern the motion. It 
will be found that the latter state of affairs usually ap- 
plies when a time long compared with the relaxation 
time has elapsed since the initiation of the wave. 

The presence of the extra time derivative applied to 
the frozen operator implies that, during a given periodic 
disturbance, the frozen and equilibrium operators must 
be out of phase, so that both absorption and dispersion 
are present. Thus, a mechanism for the distortion of 
the wave form is apparent even in this linear approxi- 
mation, suggesting the known decay of a wave packet.® 
In general, any given wave packet would include both 
low and high frequency components. The high fre- 
quency components are associated with the wave front 
and, as we shall see later, they propagate with the 
frozen speed of sound. 

While the foregoing aspects of wave propagation in a 
relaxing gas are not in themselves new, it is interesting 
that they follow directly from the differential equation, 
Eq. (14). In the present formulation, the perturba- 
tions away from a uniform state may be of any degree of 
“frozenness.”’ This is, the wave motions may involve 
all the wave speeds and absorption coefficients of a 
complete frequency spectrum. 

For the special purpose of the present paper, we may 
write Eq. (14) in the following form, for steady two- 
dimensional flow with an undisturbed velocity 7: 


(¢xx — byy)x + oxx — K*bvy = 0 = (20) 

where 
X = [(M? — k)/(M? — 1)](x/ar*) ) 
Y= [(M? — R)//M? — 1l(y/ar*)\ 


and 
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k=a,/a;; 
M=ii/a; (22) 


K? = [(M? — 1)/(M? — k®) Jk?; 


Eq. (20) is, in effect, the two-dimensional Ackeret 
equation generalized to include the effect of relaxation, 
and applies when 7 >a,. The corresponding Prandtl- 
Glauert equation for subsonic steady two-dimensional 
flow (a < a,) is 


(Ox'x' + by'y) x’ + Ox'x: + K*pyy = 0 (23) 


where 





X’=X; Y= [(k — M)/V1 — M*|(y/air*) (24) 


By manipulation of the basic Eqs. (4b), (8), (9), (11) 
and (12) together with the acoustic Eq. (20), one may 
relate the potential to the physical quantities of interest: 


Expression of Flow Quantities in Terms of $ 


u'/it = dx (25) 


v'/i = VM? — ldy (or V1 — My) (26) 


p'/5 = 
—jox + [((AP? — 1)/K*](6xx — dyy + x)} (28) 


B’ = —[ys/D(vz — o)\[((A? — 1)/K*] X 
(1 — K*)¢y + xx — dyy] (29) 


” if 
l'/T = — 4| y,M? — o X 
iw, a)C,, | Ys o 


(1+ F1)] i yb (30) 
K? ) x ~ 0 "2 xx —9y v)y 5) 


The Telegraph Equation 
Decay of a Discontinuous Wave Front 
The solutions of Eqs. (20) and (21) may be investi- 
gated in certain circumstances to be described subse- 
However, being of third order, these equations 


quently. 
Accordingly, it 


are difficult to solve in general terms. 
would seem desirable to effect a reduction in order of 
Eqs. (20) and (21). This may be done by making 
proper use of the observation, made in the Introduc- 
tion, that, for a given process, a, and ay are nearly 
equal. 

First, we may observe that if a, and a; are simply as- 
sumed equal, Eq. (20) may be integrated once to give 


éxx — ¢yy = (const.)e~* (31) 


In order that reasonable boundary conditions may be 
applied atx = — ~, the constant in Eq. (31) must be set 
equal to zero, and we recover the classical Ackeret 
equation. This result is degenerate, yielding no in- 
formation concerning decay processes. It may also be 
shown that Eq. (31) is not a suitable basis for an itera- 
tion process. Nevertheless, it is obvious that, in some 
sense, we should have nearly the Ackeret theory for 
1—-k<l. 
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In order to see how the approximation should properly 
be made, consider the propagation of a discontinuous 
wave in one-dimensional unsteady flow. A priori, we 
do not know what propagation velocities are permitted 
for a discontinuous wave. Therefore, we assume the 
head of the wave to be given by XY — sY = 0, and de- 


termine s in the course of the analysis. If Eq. (14) is 


put into coordinates X — sY, X + sY, and integrated 
twice across the postulated discontinuity at Y + sY¥, 
assuming that derivatives with respect to Y — sY are 


small compared to those with respect to Y + sY, the 
second integration yields 


(or, y/x = VM? — 1) (32) 


s=] 


Thus, since JJ = i/a,, any discontinuous wave front 
must propagate with frozen speed of sound’® (in the 
acoustic approximation). The first integration yields 
the decay of the jump in normal velocity 


Ald¢/0(X — Y)] « 1X — Vye!G-*97 IF 33) 


Eq. (33) shows clearly that when 1 — K < 1, the 
rate of decay is very slow, but that the solution is not 
uniformly convergent as K ~ 1, Y ~ «©. However, 
Eq. (33) does suggest a scheme of successive approxima- 
tions for one-dimensional unsteady or two-dimensional 


steady flows. 
Derivation of the Telegraph Equation 
We write 
$(E, 0) = 6 (E, 9) + 6 (E, n) + 6 (E, 0) +... (34) 


for the supersonic case 


where, by analogy with Eq. (33), 


t== C(X — VY); n=eY; «=(1 — K%)/2 = (35) 


S 
and C is a constant of order one to be selected subse- 
quently. Thus, we assume that the flow consists of 
waves starting at Y = 0, forming a pattern which may 
be described in terms of the single variable { (as in the 
Ackeret classical theory) together with a weak de- 
pendence on distance from the starting point. In 
terms of the variables defined in Eqs. (35), Eq. (20) 
may be given the form 
(< ; 2) (de, + o + dy) 

OE 2C On = : ; 
e Oo |’ —-C- Ze 4 3e — 21 — ? a,| (96) 
ey 9 00) 
2C On Ce ? é . 
Now, it is clear that C may be selected in terms of « 
in such a way that the right-hand side of Eq. (36) is of 
order e*. For this purpose it is sufficient to specify that 
C = 1 — (38/2)e + O(e*) (37) 
If the expansion Eq. (34) is substituted into Eq. (36), 
we find the simple equation 
d:, a o,° oe 6, = 0 (38) 


apart from a function of 7 alone, which should be dis- 
carded for wave motions. The choice of C made in Eq. 
(37) provides that ¢‘” must also satisfy Eq. (38), and 
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Fic. 3. Supersonic flow over an infinite wavy wall. 
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may be set equal to zero, provided the boundary con- 
ditions are satisfied by ¢ with sufficient accuracy. 
The first correction to ¢ is then given by 6, and 
é therefore represents é@ with an error of order e’. 
Even this error may be made uniformly small in the 
whole flow field by a more complete specification of C. 
Specifically, it will later prove advantageous to make 
the selection [consistent, of course, with Eq. (37)]: 


C= (1/2)(1 — 2e + VW/1 — 2) = 
(1/2)K(1 + K) (39) 


Eq. (38) is a variant of the telegraph equation which 
governs a class of wave motions in which absorption 
and dispersion takes place (electric waves, water waves, 
etc.). Returning to X, Y coordinates, Eq. (38) is 


dxx” + oxy + [(1 + K)/2] (6x + Kby™) = 0 
(40) 


For the subsonic case, we may note that Eqs. (23) 
and (24) are obtained from Eqs. (20) and (21) by the 
formal substitution Y = +7Y. With this change, Eq. 
(38) governs the solution 


= Rio (X’ + iy’, +ieY’)} + Of[e?] (41) 


We may now summarize the assumptions by which 
Eq. (20) is reduced to Eq. (38) as follows: (1) the flow 
is in two dimensions (one of which may be time); (2) 
the wave pattern consists essentially of one family, i.e., 
without relaxation, @ = #(§); and (3) the decay 
process is slow, owing to the closeness of the frozen and 
equilibrium sound speeds. On this account, the Y co- 
ordinate is contracted by the factor e. The (X — Y) 
coordinate is also contracted, by the factor C, in order 
to enhance the accuracy of Eq. (38). In the following 
sections we shall discuss certain particular flow prob- 
lems chosen to illustrate the application of Eq. (38). 


The Wavy Wall 


Supersonic Case 

A classical application of Ackeret theory concerns 
the supersonic flow over a wavy wall of infinite extent 
(Fig. 3). A harmonic wave pattern of constant strength 
is produced, inclined downstream at the Mach angle. 
Relaxation affects the wave inclination and introduces 
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a decay of the wave as they proceed outward. We may 


anticipate that the solution has the form 
@ = A exp (iv| X — [V/a(v)]} — b(v) VY) (42) 
where a(v) is the (unknown) slope of the wave pattern, 
and b(v) is the decay rate. 
At the wall (Y = 0), the normal velocity is propor- 
tional to 


[b + i(v/a)|—(dy),, = —Ae”’* (43) 

If the wall has a wavelength \ and a height 6, reference 
to Eqs. (21) shows that 

vy = 2n[(M? — 1)/(M? — k?)](tir*/d) | 


- » (44) 
A = —(218/d)/{ WV M2 — 1[(v/a) — i6]} 


Substitution of Eq. (42) into Eq. (20) yields a com- 
plex equation from which a(v) and b(v) may be deter- 
mined: 


b(v) + i[v/a(v)] = iv (1 + iv)/(K? + wv) (45) 
This is the ‘“‘exact’’ solution of the problem, and cor- 
responds to the Kneser theory of the ultrasonic absorp- 
tion.’:'* If, instead, we use the ‘‘telegraph’”’ Eq. (40), 
we find 
_ 4y? + K*(1 + K)? 

4y°? + K(1 + K)? 

1 — K? 4y? 
b(v) = - = ve 
2 4y?+ K*1 + K)? 


a(v) 
(46) 


Comparing Eqs. (45) and (46) gives an evaluation of 
the success of the telegraph approximation. We may 
note that, in the frozen limit (v ~ ©), both sets of 
equations agree: 


a(~) = 1; b(~) = (1 — K*)/2 (47) 


which means that the waves are inclined at the frozen 
Mach angle, and the decay rate is the same as for a dis- 
continuous wave front [Eq. (33)]. In the equilibrium 
limit (vy + 0), both equations give 


a(0) = K (48) 


which, through Eqs. (20) and (21), may be shown to 

describe the equilibrium wave inclination. The agree- 

ment as to b(v) {actually, lim [b(v)/v?]} is complete 
v—>0 


to order e. 

We may recall here that a precise specification of the 
constant C was made in Eq. (39) in order to fix the coor- 
dinate transformation leading to the telegraph equa- 
tion. It may be shown that the selection made is the 
only one of the class satisfying Eq. (37) which provides 
exact agreement between Eqs. (45) and (46) as to the 
inclination of an equilibrium wave. In fact, it may be 
shown that this selection of C provides that the right- 
hand side of Eq. (36) vanishes for an equilibrium wave. 
Thus, in summary, the ‘telegraph approximation” is 
correct to order ¢ in general, is made exact in the frozen 
limit by the choice of ¢ [Eq. (35)], and made exact as to 
wave inclination in the equilibrium limit by the choice 
of C [Eq. (39)]. The agreement between Eqs. (45) 
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and (46) has been calculated as a function of v for 
e = 0.3. The maximum discrepancy between the a’s 
is about 1 per cent, and between the b’s, 2'/2 per cent. 
From Eq. (27), the drag coefficient for one wave- 
length of the wavy wall is 
Drag/(1/2)pa*A = 
(a/~V/ M2? — 1)[27(6/d) ]2}1/[1 + (ab/v)?]} (49) 
which differs from the classical Ackeret result by the 
last factor which has a minimum value of 4K/(1 + K)? 
when 
\/ir* = 4nV/K/k*(1 + K) (50) 


The effect is small for reasonable values of K. For ex- 
ample, if k = 0.8 and M = 1.2, then K =~ 0.6, and the 
maximum effect of dispersion is to diminish the drag by 


7 per cent when \ = (7.7)a7*. 


Subsonic Case 

We may immediately write down the telegraph solu- 
tion for the case when a subsonic flow exists over the 
wavy wall by changing Y to —7Y’ in Eq. (42): 
@ = Aexp (iv} X’ + [b(v)/v]¥’} — [v/a(v)]¥’) (51) 
making the identification 
The telegraph solution 


Eqs. (44) still apply, 
VM?—1 = -iV¥1 — M. 
yields Eqs. (46) as before. Now, however, the roles of 
a and 6 are reversed. In the classical case, a = 1 and 
b = 0. Thus, a modifies the classical potential decay, 
while 6 tends to introduce a tilt of the ‘wave front’”’ 
which, in the classical case, is perpendicular to the 
wall. 

An interesting consequence of this inclination is that 
the wavy wall experiences drag owing to relaxation, as 
shown previously by Ackeret!*® for the special case of 


vibrational relaxation. Per unit wave length, 


Drag l ( aI —(ab/v) | , 
—— = <a = - a (52) 
(1/2)pu’X  VW1 — M? \/ L1 + (ab/r)? 


This drag vanishes in the two limits » > 0 and y> o~, 
and has a maximum value governed by the maximum 
absolute value which ab/y can attain. (We note that, 
while K < 1 in the supersonic case, in the subsonic case 
K > 1, and thus b< 0.) When k = 0.8 and M = 0.6, 
then K = 1.2, and, in these circumstances, the largest 
value of the square bracket in Eq. (52) is about 0.1, 
occurring when } ~ (13)a7*. The variation of the 
square bracket with \/t#7* is shown in Fig. 4. It is 
remarkable that the drag coefficient is near its largest 
value when J is so large compared with #7* that purely 
equilibrium conditions would perhaps be expected. 
Finally, we may note that in the limit J > 0, Eq. 
(22) shows that K — 1 for all k, sothata— 1 andb— 0, 
whatever the value of v. Thus, when the Mach Num- 
ber vanishes, the classical solution applies. On the 
other hand, the present analysis suggests a particularly 
powerful effect of relaxation in the transonic regime, 
where K — o from the subsonic side and K — 0 from 
the supersonic side. This type of problem is beyond the 
scope of the present linearized analysis, however. 
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The Supersonic Airfoil 


General Telegraph Solution for an Airfoil 


We consider now the more general problem of weak 
disturbances produced in a gas subject to relaxation 
flowing supersonically over a surface having slight 
changes in slope—in effect, the two-dimensional Ackeret 
problem. The solutions to be described also apply, in 
different coordinates, to the unsteady one-dimensional 
motion produced by the movement of a piston face. 

If the local slope of the surface is given by /(&), then 
the linearized boundary condition to be applied at the 
plane Y = Ois 


(v/t)y = VM? — 1(dy)» = f(8) (53) 


If the configuration has a leading edge, there will be a 
frozen wave emanating from that point, and upstream 
of this wave, the gas is to be at rest. The solution of 
Eq. (38) subject to these boundary conditions is 


/ M2 — 1 6,:= e—**” (0/d€) X 


| I)[2V nlé — Ww) e’f(w)dw (54) 
0 


Eq. (54) may be obtained by application of the method 
of Laplace transformation to Eq. (38). The previous 
supersonic solution for a wavy wall |Eq. (42) | could, of 
course, be derived from Eq. (54) by selecting /(w) to be 
a harmonic wave. 

The dependence of Eq. (54) on 7 is a measure of the 
effect of relaxation. We may recover the Ackeret solu- 
tion by formally setting 7» = 0. 
Eq. (54) would give VM? — 1 oy = f(é), which is the 
classical result. The leading-edge frozen wave is ob- 
tained by taking the limit of Eq. (54) as & > 0, with the 


result 


Then, since J,)(0) = 1, 


E> 


lim (1M? — 1 dy) = e "f(0) (55) 
which is exactly Eq. (33) describing the decay of a dis- 


continuous wave front. 


Evaluation of ¢x and dx x — dyy 

In order to use Eq. (54) to give a full description of the 
flow, we must have expressions for dy and ¢xyxy — dyy 
appearing in Eqs. (25)—(30). Manipulation of Eq. (40) 
together with Eq. (54) yields the results 


xX 
éx = —dy + ef eA +®)/21%—0) oy(w, Y)dw (56) 
, 
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x 
[2/e(1 + K)(¢xx — dbyy) = [46)/(1 + K)] — f peer ee re ees + 


y 
{ { Ke~(K A +K)/2) (x —w) + (1 —_ Ke +4)/2) (x —e) + Ke [(1+K)/2] [KX +(1—K)¥ —a} | dydw (57) 


Generally, it would be desired to evaluate Eqs. (25)—(30) on the airfoil. 


(56), (57): 


For this purpose we set Y = 0 in Eqs. 


: 
VM? — 1 (ox)» = —f*(X) + f eA +®)/21F*()deo (58) 


[2V M? — 1/e1 + K)](Oxx — dyy)y = 


Xx 
[4 (1 oa K) |f*(X) -{ fe hte 2)(X¥ —a a Ke [K(1+K)/2] (Xx 


where, at the same X, f/*(X) = /(é). 

In reference 12, a study of the exact Eq. (20) is made, 
and, while a general solution corresponding to Eqs. (54) 
and (56), (57) is not found, it is possible to derive the 
solution at the airfoil surface. Comparison of these re- 
sults with Eqs. (58), (59) thus gives a measure of the 
accuracy of the telegraph equation. The exact expres- 
sions are in the same form as Eqs. (58), (59), with some- 
what different integrands. It is found that the maxi- 
mum error of the integrand in Eq. (58) is about 2 per 
cent, while the maximum error of the integrand in Eq. 
(59) is about 5 per cent. Generally, the errors are much 
less than these extremes; in fact, the errors integrated 
over the infinite range of X are both zero. 


Solution for a Simple Wedge 


Let us now apply the solution, Eq. (54), to the case 
of a simple wedge, for which 


f*(X) = f(é) = 01(€) 
where 9 is the constant semiangle of the wedge and 
1(é) is the unit step function. Eq. (54) becomes 
(VM? — 1/0)¢y = 
é 
e—E+ (0 ae f Ty(2V/ (né —w)le“dw (60) 


When Y = 0, of course, dy = 0/+/ M2 — 1, and, from 
Eq. (55), the frozen wave from the leading edge gives 
a discontinuous jump in dy from zero to 0(M? — 
1)~*e-", These features are illustrated in Fig. 5. Al- 
though the frozen discontinuity decays with distance, 
it does not follow that the entire flow disturbance 
vanishes at infinity. Rather, the disturbance de- 
velops into a dispersed wave centered on the equi- 
librium Mach wave from the leading edge. Specifically, 
a study of the asymptotic behavior of Eq. (54) for large 
n shows that, for the wedge, 


by © (0/V Me — 1)(1/Wx) X 
[(1+K)/4][(xkx —y)/Vey] : 
f ede (61) 


[) 


when 7 = eY is large, but AX — Y is finite. Thus, Eq. 
(61) applies near the equilibrium Mach line, for which 
KX — Y=0. Eq. (61) represents a rise in dy from an 
initial value of 0 to a final value of 0(M? — 1)—"/?, ac- 
complished over a distance, measured along a stream- 


~)|f*(w)dw (59) 
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Fic. 5. Variation of normal velocity along the frozen Mach line 
and a line Y = constant far from the wedge surface. 


line, proportional to WeY. This parabolic dispersion 
of the equilibrium wave which takes over, so to speak, 
from the decaying frozen wave is illustrated in Fig. 5. 
This feature of wedge flow also appears in the analogous 
unsteady case of a piston started impulsively from rest.* 

From Eq. (20), an exact expression may be derived 
for the asymptotic behavior of wedge flow. Compari- 
son with Eq. (61) provides a further check on the ac- 
curacy of the telegraph equation. 
shown that the exact asymptotic formula differs from 
Eq. (61) only in that the quantity (1/4)(1 + K) ap- 
pearing in the upper limit should be replaced by 
(1/2)/K. The ratio of the former quantity to the 
latter is greater than one by the small quantity «?/8, to 
a first approximation. Thus, the telegraph solution 
gives a rate of equilibrium wave dispersion very slightly 
For « = 0.38, the error is 


In reference 12, it is 


greater than the exact value. 
about 1 per cent. 


Other Flow Quantities for the Wedge 


The foregoing discussion deals only with the normal 
velocity field. We may complete the description of the 
flow by application of Eqs. (25)—(30) and (56), (57), or 
(58), (59). The results on the wedge surface may con- 
veniently be expressed as follows: 


b' = p+ (bs — pettmrIx (62) 


=p! + (1/2)(7 — p,/)fetr re + 


eer) 


> 
II 


B.’{1 — (1/2) [eta tax 4. elk +K)/21X]! (64) 


be | 
I 
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Pa T+ Os - Teer + 


e [K(1+K as) (65) 


where the subscripts f and e denote the values which 
would apply if the flow were purely frozen or purely 
equilibrium. In each case, near the leading edge (X = 
0) frozen values apply (8, = 0, of course), and far from 
the leading edge (XY — ©), equilibrium values apply. 
These values are, in present notation, 


pb.’ = Kpy = pKy (OM?2/VM? — 1) (66) 


pe’ = BLL + [(M? — 1)/K*]{ (KO/V AP — 1)t 
T '/(v¢ — 1) = M?0/VM - 1 f 


8,’ = [ys/D(v7 — @)\[(1 — K*)/K]OV M? — 1 (68) 


T,’ = [(ve — D/(ye — @) yA? — of 1 + 
(M2 — 1)/K?]})(K0/\/.M2 — 1) (69) 


(67) 


In Eqs. (62)—(65) the coefficients of the exponentials 
are given to zero order in «. Actually, we are entitled 
to keep terms of first order. However, it may be 
shown that, in these formulas, the terms of order ¢ are 
very small. The exponents are written “exactly,” 
however, inasmuch as they can embody errors only of 
order e*, anid comparison with the exact solution has 
shown these errors to be extremely small. 

In order to evaluate flow properties in the flow field, 
the direct procedure would be to use Eqs. (56), (57). 
However, recalling that all flow properties satisfy the 
same differential equation (20) and hence (38), it is 
simpler to re-solve Eq. (38) with boundary conditions 
specified, in turn, by Eqs. (62)—(65). In each of these, 
constant terms are linearly combined with exponential 
terms of the types 

exp | —[(1 + K)/2|X} = e-#4 

exp | [K(1 + K)/2]X} = e= 
Corresponding to the constant terms, the solution al- 
ready calculated for dy [Eq. (60)] may be adapted by 
Now, the telegraph 
§/K is, from 


inserting the proper constant. 
solution for a boundary value of /(é) = e 
Eq. (54), 


e-§+7(0/dE) f T)[2V n(E — w) Je -O/ “dw (70) 


For boundary values e*, Eq. (54) yields the simple 


solution 
e~ Et) [,[2/ nF] (71) 


Fig. 6 presents calculations for v/a, 8’/8,’, and p’/p,’ 
carried out by forming the appropriate linear combina- 
tions of Eqs. (60), (70), and (71). 


Discussion of Results for Wedge Flow 


The Relaxation Distance 

It is interesting to relate the calculated relaxation of 
8’ to the effective relaxation time r*. From Eq. (64), 
we see that the surface value of 8’ reaches its equi- 
librium value in a distance which we may characterize 
by the ‘“‘displacement integral’”’ 
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xX, = foo — (8’/B,’)]dX = 1/K (72) 


Introducing definitions (15) to (16), (21), (22), 
x,/tir* = (1/k)V(M? — 1)/(M? — k*) (73) 


Thus, except when J is near 1, the relaxation distance 
x, =~ ttr*, which is the distance traveled by the stream 
during the effective relaxation time. However, as 
M — 1, the relaxation distance becomes shorter com- 
pared with ar*. Thus, the present linearized study 
suggests the possibility of a pronounced tendency of 
transonic flows of a relaxing gas to remain in equi- 
librium. A nonlinear analysis would be required to 
make this point more definite. 


* 


The distinction between 7 and r* should perhaps be 


clarified at this point. In a gas at constant density 
and temperature, 7 as defined in Eq. (6a) governs the 
relaxation rate. In the adiabatic process described in 
this study, the effective relaxation time r* is shorter 
than 7 by an amount depending on the exchange of 
energy between the relaxing degree of freedom and the 
various other excited modes. In the case of vibrational 
relaxation, estimates of the terms in Eq. (15) suggest 
that 0.7 < r*/r < 1. Similar estimates suggest that 
7*/r is very small for dissociation relaxation—of the 
order of 0.1. Finally, it may be remarked that relaxa- 
tion times measured by shock-tube methods would cor- 


respond more closely to the present 7* than to r. 


Application to a Sequence of Relaxation Processes 
Figs. 5 and 6 provide a picture of how the wave pro- 
duced by a simple wedge has first a frozen character 
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and subsequently changes to a dispersed equilibrium 
wave. Here, ‘frozen’? and “equilibrium” refer to a 
chosen degree of freedom, others being assumed to be 
either completely frozen or in complete equilibrium. 
Since the wedge has no geometrical length, the fore- 
going point of view has meaning only in reference to an 
assumed scale of observation. Thus, if we state that 
Fig. 5 applies for dissociation relaxation, then, if we 
magnify the vicinity of the leading edge, we must see 
the same pattern appear again with reference to vibra- 
tional relaxation. 

In other words, the vibrationally frozen Mach wave 
decays over a very short distance, a dispersed wave in 
vibrational equilibrium appears, and this latter wave 
decays over a much longer distance as a chemically 
frozen wave. In a gas with a number of degrees of 
freedom with widely different relaxation times, it is 
2asy to imagine this sort of repetition of Fig. 5 at suc- 
cessively larger scale. 

One point, however, needs to be established in order 
that the foregoing description be valid. We know that 
an equilibrium wave spreads parabolically—can we re- 
gard this spreading wave as a discontinuity on the 
larger scale of the next, slower, relaxation process? 
From Eqs. (61) and (21), the spatial width of a wave 
in vibrational equilibrium is proportional to ~W17,*ye,. 
This distance is to be compared with the basic distance 
involved in dissociative relaxation, tir,*. The ap- 
propriate ratio of distances is 


WV tir *ye,/ttta*® = VW (7.*/ta*) (€/€a)n (74) 


where 7 is based on dissociation. Now, the wave in 
question will be essentially decayed when 7 reaches 2 
or 3. Thus, since ¢,/e, is of order 1, the thickness is 
always much less than iir,* if W7,*/7,* <1. This, 
of course, is the assumption we have made throughout 
this study. 


Connection With Viscous Dispersion 

In the flow field produced by a wedge in a gas subject 
to relaxation, an analogy holds between the ultimate 
equilibrium wave (Fig. 5) which spreads parabolically 
and the effect of normal viscous stresses in spreading a 
sound wave. This analogy can be formalized by the 
definition of an equivalent viscosity in terms of the 
sound-speed difference «. It should be emphasized that 
the analogy applies only in a near-equilibrium flow" and 
not to an entire field of disturbance produced in a re- 
laxing gas. 

This point may be clarified by reference to the 
“Burgers equation” adopted by Lighthill'‘ to study 
viscous dispersion of one-dimensional sound waves. If 
this equation is linearized it has the form 


gd: — o = O (75) 


where ¢ is a suitably nondimensionalized distance 
measured normal to the wave front. The analogous 


equation from the present study is the telegraph equa- 
tion for one-dimensional unsteady motion, which is 
formally identical with Eq. (40) if X is replaced by a 
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dimensionless time. If a change of variables is intro- 
duced so that distance ¢ is measured normal to a wave 
front traveling at equilibrium speed, the telegraph 


equation reads approximately 

Per aa = i Per = 0 (76) 
Eqs. (75) and (76) are fundamentally different, and, 
hence, no strict analogy exists between the effects of 


viscosity and relaxation. However, the dispersed 


c/2 vt 
d -f e7 dw (77) 


which satisfies Eq. (75) exactly is also the asymptotic 
solution of Eq. (76) for large ¢ [compare Eq. (61)]. 
Thus, there is a strict equivalence for the ultimate 


wave 


equilibrium wave. 


Remarks on Wave Steepening 

In the classical Ackeret theory for a wedge, a discon- 
tinuous leading-edge wave extending to infinity pro- 
vides at least a qualitatively correct picture of the 
oblique shock which actually occurs. In the acoustic 
approximation for a gas subject to relaxation, the dis- 
continuous (frozen) wave decays and the remaining 
equilibrium pattern disperses. Thus, in the linear 
theory, there is no possible qualitative representation of 
an oblique shock in the usual sense. 

A shock wave is, of course, the result of a balance be- 
tween nonlinear wave steepening and viscous disper- 
sion. The classical acoustic theory accounts for neither 
of these effects, while the present theory considers dis- 
persion (owing to relaxation rather than viscosity), but 
neglects nonlinear steepening. Thus, it is natural that 
the ultimate wave pattern is quite unlike an oblique 
shock. 

This state of affairs is realistic for weak waves. As 
Lighthill’? has shown, a permanent type of shock satis- 
fying a set of Rankine-Hugoniot conditions cannot 
exist unless the wave has sufficient strength, and hence 
shock velocity, to keep pace with, or overtake, waves 
propagating at the frozen sound speed. 


Concluding Remarks 


The chief purpose of the present paper has been to 
show how the problem of small disturbances of a gas 
subject to relaxation may be approached by the method, 
traditional in fluid mechanics, of setting up a single 
differential equation which can satisfactorily represent 
a variety of phenomena. Many specific phenomena 
described here have been separately described by pre- 
vious investigators.®: 7+» 4 

In view of the aerodynamic interest in flows involving 
vibrational or chemical excitation, we have chosen to 
emphasize formulation of the theory for steady flow. 
The same approach, and, in fact, the same differential 
equation for ¢, applies in unsteady flow with one less 
dimension. It should be pointed out that the small 
perturbation theory as presented does not have the 
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PROPAGATION OF WEAK 


ready applicability to problems of hypersonic flight 
that the corresponding Ackeret theory has had in super- 
sonics. The basic flow in the present theory cannot be 
identified as a free stream in the usual aerodynamic 
sense, but rather as a steady uniform flow produced 
behind a strong shock, for example. 

In connection with external aerodynamics of hyper- 
sonic high-altitude flight, the present theory might be 
applicable to certain control surface problems. Certain 
internal aerodynamic problems in propulsive flows of 
highly excited gases would be amenable to the present 
A further application may be cited in con- 


approach. 
the behavior of 


nection with experimental research: 
sound waves in a flow field produced in a shock tube” or 
tunnel may, subject to theoretical interpretation, pro- 
vide a means of determining either the state of a gas or 
basic information concerning relaxation times. 

A final zeneral observation may be made from the re- 
sults of the present study. The flow distance required 
to effect equilibration is related to the product of ve- 
locity and relaxation time only as to order of magnitude, 
in general. Significantly shorter equilibration dis- 
tances may be found in near-transonic flow, while on 
the other hand, the drag of a wavy wall can be most 
strongly affected when the wave length is many times 
longer than the product of velocity and relaxation time. 
In other words, the equilibration process is strongly 
dependent on the particular flow in which relaxation 


occurs. 
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A Statistically Averaged Error Criterion for 
Feedback-System Synthesis 
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Summary 


A performance criterion for feedback control systems is intro- 
duced based on the averaging of penalized error values over such 
times when the output is actually utilized. This is accomplished 
by assigning a probability to the time of output utilization. 
The criterion is a suitable starting point of design since it unifies 
in one summary the various specifications normally used to de- 
scribe special aspects of performance. Where the penalty is pro- 
portional to the squared error, mathematical methods are de- 
veloped for two roles: (1) evaluating the criterion for a given 
system operating in a known environment, and (2) designing the 
optimum time-invariant linear system, in the sense of giving the 
smallest average-penalized-error criterion value operating in a 


known input environment. An illustrative example is given. 


Survey of Performance Criteria 


A™ YMATIC CONTROL is, in one sense, at least as old 
as the first governors applied on early steam 
engines and, in another sense, as recent as World War 
II. Asa field of engineering analysis and design, auto- 
matic control, feedback control, and servomechanisms 
were developed in the years around the beginning of 
World War II as a specialty of electrical engineering. 
Considering that the major portion of most systems 
controlled is nonelectrical, the predominance of elec- 
trical engineers in the early developing field of controls 
seems to be surprising. The reasons for this predomi- 
nance are threefold. Among the members of the engi- 
neering fraternity electrical engineers were equipped 
with some intuition in transient phenomena. Elec- 
trical engineers had tools available for the analysis of 
feedback devices—that is, amplifiers. The necessary 
corrective devices were synthesized in the form of elec- 
tric networks with the least difficulty in hardware and 
in theory of design. 

Performance criteria were from the beginning the 
guiding factors in the development of the field, and 
their gradual refinement simultaneously served as an 
index of the state of the art. 

The first criteria were characteristically indirect in 
nature. Since the early analysis and synthesis meth- 
ods were borrowed from the field of feedback ampli- 
fiers, the performance criteria were based on frequency 
response considerations;'~* notably, sharpness and 
frequency location of resonance peaks were specified in 
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addition to rough indices of stability (Nyquist, Nichols, 
Bode criteria). This was done with the realization 
that the actual operating input environment of control 
systems is not one of steady sinusoidal inputs, but 
rather a sequence of arbitrary changes followed by 
transient adjustments. However, it was found that 
semiquantitative relationships exist between frequency 
and transient responses so that a system of certain 
resonance characteristics will exhibit satisfactory tran- 
sient response features, of which ‘‘stability’’ is one 
aspect. This line of development led through refine- 
ments of the relationships between transient and fre- 
quency response. These relations follow from the fact 
that both responses are determined by the location of 
poles and zeros in the Laplace transtorms of the system 
Meth- 
ods*~? emerged to actually locate these poles and 
Simultaneously the emphasis in performance 
direct consideration of the 


impulse responses, called transfer functions. 


zeros. 
criteria shifted 
transient response** by specifying peak overshoot, 


toward 


rise time, settling time, steady-state error, etc., with 
specified step or ramp inputs. This type of criterion 
was extended in recent years into the area of nonlinear 
control,*-" 

As far as performance criteria are concerned, this line 
of development at present culminates in efforts'‘—'* to 
condense in a single index of performance the various as- 
pects of the transient response. These criteria usually 
take the form of the general integral error criterion 


Index of performance = f F(e) w(t) dt (1) 
0 


with w(t) defined as an arbitrary weighting function. 
Specifically w(t) = ¢ and w(t) = f were investi- 
gated. '6 The resulting index of performance has 
no clear meaning but its reduction is supposed to signal 
an improvement in the transient response. The selec- 
tion of the w(t) weighting function has been described 
as an art.” The argument for selecting a specific 
w(t) function customarily is that it leads (through cut- 
and-try) to optimum systems (pinpointed by minima 
of the index of performance) which exhibit transient 
responses that are “‘very good’ as a designer would 
view them, or superior to those produced by some other 
criterion. Standard systems of varying orders were 
established by cut-and-try on the analog computer 
on the basis of such criteria, but no direct synthesis 
technique was developed on this basis previously. 
The penalty function F(e) in Eq. (1) is usually 
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simply e*, the square of the error, although |e| has also 
been used. Recently it has been proposed!® *° to use 
an F(e), which is a linear combination of the squares 
of the error and its various derivatives (or some other 
system variables) as well as the square of some quan- 
tity (such as m, the driving torque requirement) which 


isto be limited. That is 


(2) 


> a,(d"e/dt")? + bm? 


n 


F(e) = 


with a, and 6 constants. 

This form of the criterion is ideally suited for the de- 
sign”’ of a special class of control systems called ‘‘dead 
beat,’’ that is, systems which come to complete equi- 
librium after a finite time following a step disturbance. 
If n in Eq. (2) covers a range equal to the order of the 
system, then clearly zero value of the index of per- 
formance in Eq. (1) is the criterion of equilibrium, that 
is, the accomplished dead beat response. Non-dead- 
beat solutions!® *! for specific input functions have also 
been proposed on the basis of penalty functions per 
Eq. (2) by the use of dynamic programing, a specially 
organized scanning operation to search for minima of 
the index of performance. When applied in this 
fashion the meaning of the criterion of Eq. (1) based 
on Eq. (2) is not too clear. Worse, the penalizing 
of rates, accelerations, and higher derivatives of the 
error naturally leads to sluggish response.*! 

In a sense the field of automatic control exhibits a 
“split personality”’ since a parallel line of development 
has accompanied the already described “‘main’’ line 
from the earliest times on. 

The differences between the two lines of development 
stem from the different views of the input environment 
of the system which they represent. The large major- 
ity of control systems operate in input environments 
which consist of a random sequence of more or less 
abrupt jumps and continuous changes. Further, part 
of the input signals received by the control system are 
reference signals which it should follow as exactly as 
possible and part are spurious noise signals which it 
should disregard as completely as possible. 

Now the main line of development focuses its atten- 
tion on the abruptness of the individual jumps in the 
input environment and the accompanying transient re- 
sponse of the control system. This approach is all 
but powerless to deal with the problem of the noise. 

The second line of development views the entire in- 
put environment as a whole, focusing its attention on 
the nature of the randomness of the changes as described 
by the methods of statistics. The noise problem be- 
comes an integral part of this approach in a natural 
way. 

Because of larger theoretical difficulties the second 
line of development has taken a somewhat secondary 
role in terms of the extent of application to actual de- 
sign. However, the second line is more wholesome in 
its outlook and accordingly its relative importance 
tends to increase. 

The nature of the performance criteria used by the 


two lines of development are in keeping with the nature 
of the lines themselves. 

As has been discussed, the main line of development 
tends to utilize a set of specific criteria like overshoot 
or encirclement of the —1 point in the s plane. Only 
relatively recently have efforts'*~" been made to unify 
these into a single index of performance which is de- 
fined in a completely arbitrary fashion. 

The comprehensive nature of the second line of de- 
velopment, on the other hand, is conducive to the use 
of comprehensive performance criteria such as mean 
square error. 

The fundamental work*’ launching the second line 
of development was based on the assumption that refer- 
ence signal and noise are both “‘stationary’’ in some 
sense—that is, that the statistical description of these 
signals is unchanged over long time intervals or from 
application to application. Under these circumstances 
the average of some penalized error is a most logical 
performance index. Of these, for reasons of mathe- 
matical expediency, the mean square error was selected. 

The mean square error can be defined for input 


number 


~ 


4 a 
e,? = lim (1/2T) [ €,7(t) dt 
J = 


7 


or an average indicated by the wavy line can be taken 
over the ensemble of inputs for some time, ¢, 
n 
N) > e,” (t) 
n=1 


e*(t) = lim (1 (4) 


N =a 
where ¢,,7(¢) is the square at ¢ of the error produced by 
input number 7. An ensemble of inputs simply means 
the set of individual inputs occurring in individual re- 
peated applications of the identical control system. 
For instance, input number » might be the angular 
motions of the beam in the number » flight of a beam- 


riding missile. For stationary input environments 


ée,* = e(t) (5) 
The system producing the minimum root mean 

square error, which is then ‘“‘optimum’’ in a clearly 

defined sense, is the solution of the well-known Weiner- 

Hopf integral equation 

(6) 


f k(t) ¥,,/(t — t)dh — ¥,,/(t) = 0, t> 0 
0 


Here y,,’, the autocorrelation of the input, is a func- 
tion of t — ¢; only. As a result, a closed solution is 
possible for this equation by the spectrum factorization 
method of Wiener. The finding of closed optimum 
solutions seems to be characteristic in the second line 
of development while cut-and-try is predominant in the 
main line of development. Mean square error studies 
of nonlinear, multi-input, etc., systems in stationary 
random environments were carried out recently.**~* 
Wiener's work was eventually also extended to vari- 
ous types of nonstationary conditions.**~** When 
signals are nonstationary, averages taken over time do 
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not agree any more with averages taken over the en- 
semble and the latter will be functions of time—that 
is, the statistics of the signals changes in time. This 
opens the way for different possible interpretations of 
the mean square error and a mean square error cri- 
terion. 

Seemingly the most direct way is to define an en- 
semble average mean square error which then is a 
function of time. If now this is to be stated as a cri- 
terion there are two possibilities. If the output is of 
interest at only one instant—as it would be in some 
armament applications—then the performance cri- 
terion is simply that the ensemble average root mean 
square error be minimum at that instant. Optimum 
systems under this criterion are known as final value 
systems.*® *~*2 A different optimum system results 
for different final times. When applicable this per- 
formance criterion is useful and effective, resulting in 
explicit solutions for optimum systems. 

The second possibility is to require more generally 
that the mean square error be minimum at all times.*6 
Unfortunately then the optimum system is defined by 
the integral equation 


f dt\k(t — te, thy,,’(t — th, t — te) — 
0 
Vilt — t,t) = 0, t>O0 (@) 


Solutions of this equation would represent in a sense the 
ultimate of optimization; in fact, they would be time- 
varying systems which also produce minimum “end- 
sigma’’ (s) error among all linear systems. (s is the 
end sigma, the form of the letter sigma used at the end 
of Greek words.) However, even if solutions for the 
general case were obtainable from Eq. (7) these would 
be realizable only in terms of digital computers of ex- 
cessive speed and memory or time-varying distributed- 
constant analogs. Actually solutions were only ob- 
tained** for a special class when the kernel y,, can be 
split into two factors, each a function of one variable 
only. 

Instead of requiring that the ensemble mean square 
error be minimum at all times, the criterion can be 
stated to require the time average of the ensemble mean 
to be minimum.” 

This requires averaging over both time and members 
of the ensemble. (This could be contrasted to the 
stationary case where averaging either on time or an 
ensemble is adequate since both give the same result.) 
Sometimes, rather thai averaging in time, simply the 
time integral of the mean square error is taken, the so- 
called integral error.” 


r= f e(t)? dt (8) 
0 


This, when finite, can desirably replace the time aver- 
age which is then zero. For certain input conditions, 
systems with optimum transient response can be ob- 
tained under the criterion of Eq. (8) simply by solving 
a Wiener-Hopf integral equation.” 
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This is one instance where a technique evolving from 
the second line of development yields an organic solu- 
tion to a problem of the main line; a problem the main 
line of development is able to handle only by cut-and.- 
try and only without clear theoretical basis. There 
are other such instances indicating that the two lines 
of development in control system theory are destined to 
merge combining the split personality into a single 
healthy individual engineering field. 

Introduction of the ‘“‘end-sigma’’ (s) criterion of the 
present paper represents a step forward in this direc- 
tion. It is not uniquely tied to either the transient 
or the random-signal approach but can deal with 
either. It eliminates much of the arbitrariness of the 
general integral-error criterion [Eq. (1) and its special 
form of Eq. (8)] for transient conditions. Optimum 
solutions are obtainable and realizable in terms of in- 
variant linear systems for combinations of nonsta- 
tionary random and transient environments. The s 
error is finite and nonzero for any stable control system 
in a practical input environment and even for non- 
stable systems when the output is utilized over finite 
time intervals only. 

The accompanying bibliography strives to be repre- 
sentative rather than complete in order to keep its size 
within reason. In some instances the most pertinent 
references were used rather than the ones with the 
clearest claim to priority. It should also be remem- 
bered that in its present size the preceding summary 
must be sketchy and oversimplified in some respects. 
It is hoped, however, that it will make clear the salient 
events and trends in the development of performance 
criteria and the place of the s criterion in this develop- 


ment. 


The Proposed Criterion 
The following equation produces a statistical average 
of the weighted error of a control system: 


s -{ F 
0 


where p(t) is the probability distribution of all times 
when the system output is utilized, assuming excitation 
by one given type of input on the same control systems 
or on identical systems. The wavy line indicates 
averaging over an ensemble of inputs of different type. 
Function Fle(t), 7, Vi, ..., Ve] represents the weight 
or penalty which is put on the size of the error, e(¢), to 
express its undesirability. This penalty, as indicated 
in Eq. (9), can be dependent on the time, ¢, when the 
error occurs and on assorted parameters, Vi, V2,..., Vx. 

As an example, for a homing missile p(t) can be the 
probability distribution of time elapsing from the in- 
stant of firing to explosion. A common type of penalty 





e(t), t, Vi, ..., Vrlp (id (9) 





function is 


Fle(t), t, Vi,..., Vr] = e (10) 


in which case Eq. (9) yields the average square error 
for all such times when the output is actually utilized. 
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The studies in this paper are generally based on the 
penalty function of Eq. (10). 

Control systems are built to convert some input into 
a desired output which may or may not be identical to 
the input. The error is any deviation from this desired 
output, but error values are only significant when the 
output is actually utilized. Eq. (9) weights and aver- 
ages such significant error values and so produces an 
overall one figure description of the performance which 
truly summarizes the performance. This criterion is 
also universal in the sense that it unifies in one single 
concept all the varied aspects of system performance 
such as transient and steady state, peak time and over- 
shoot, etc. Each of these is part of the criterion but 
neither is overemphasized; each gets its proper share 
in determining the criterion number. 


Evaluating the Criterion 
The error, e, of a linear time-invariant control 
system at rest prior to ¢ = 0 is defined by convolution 


in the time domain as 


e(t) = 1(t) -{ Rk(t,)r(t —_ t)dt, (11) 
0 


where 7(f) is the desired output, r(¢) is the input, and 
k(t) is the weighting function or impulsive response of 
the control system. For realizable systems 


k(t) = 0 if t<0 


Substituting Eq. (11) into Eq. (9) and assuming that 
p(t) is independent of the input, 


$ = V.:(0, 0) — 2 | dtk(ty) (0, — th) + 
J 0 
| dt3k (ts) [ dtik(t;),,(ts, ts — ty) (12) 
/J 0 /J 0 


where the following definitions apply: 





y,,(t, "7 = | dtop(te + t)r(te)r(te + T) (13) 


0 





Vill, tT) = | dtop(te + t)1(te)t(te + 7) (14) 


0 





V(t, 7) = f dtop(te + t)t(te)r(te + 7) (15) 
0 


The wavy line denotes averaging over the ensemble of 
inputs. 

Eqs. (12)—(15), as is readily seen, represent modified 
definitions which unite the auto- and cross-correlation 
functions used”? in describing stationary input environ- 
ments and the auto- and cross-translation functions 
which are used** for the study of transient or nonsta- 
tionary input environments. With the proposed def- 
initions no distinction need be made between these 
two special cases. Furthermore, these are not the 
only ones within the definition, which actually includes 
an infinitude of special cases depending on the specific 
p(t) probability distribution. It is frequently con- 
venient to expand the functions occurring in Eq. (12) 


in Fourier series like 


p(0) = D Paba'(8) (16) 

r(0) = >> rg5"'(8) (17) 
8 

(0) = p Oe Lshs!"1(0) (18) 

k(0) = >> knd,'*(8) (19) 


where ¢,'(9), @3!4(0), o5!!'(8), and ¢,''(@), respectively, 
form complete normalized orthogonal sets of functions 
over the interval 0 to © (or 0 to 7 if the upper limits 
of the integrals in Eq. (12) are finite as they would be 
for a weighting function, A(t) with finite memory or a 
probability function which is zero past ¢ T). These 
four sets of orthogonal functions may be the same but 
this is not required. In fact, the following consider- 
ations are valid even if $,', @g'!, $5!!! and @,'¥ are not 
orthogonal sets, only linearly independent. Of course, 
orthogonality has the advantage of facilitating the 
determination of p,, 7%3, 15, and k, which are then the 


Fourier coefficients. For instance, 
Pa [ p(8)o,'(0)d0 (20) 
Jo 


On the other hand, if input r(¢) is given, for instance, as 
a polynomial in time, ¢,(/) can simply be ¢*, the suc- 
cessive powers of time. The variation of accuracy 
with the number of terms in Fourier and Taylor series 
is well established in the literature.*4 Substituting 


Eqs. (16)—(19) into Eqs. (12)—(15), 


= p> >» ye Fa" Gase = 2 + > Rm 2 >» » x 


a 6 m a B ri) 
. ig » b . 9 
Voss! Gagam i > z RnR p > Zz Fp en vni (21) 
m nN a B , 
where 
- y >» »”) 
Vapy = Pal si, (22) 
Vass! = Pal sls (23) 
Fags! = Patil (24) 
27 aT 
Gg | dts! (ts) } dtop,,'¥ (te) PB, 3-(to, ts) (25) 
J 0 /7 0 

oT 
G.s8m = i At3hm!¥ (t3) Pags! (ts) (26) 

/ 0 
ir. eC P5.!! (27) 

eT 
} dtd (hdgi'(h — 7) X 
e T 
b(t —t) t<r 

(28) 


$.3, (t, 7) = 


» 
[ dhid'(hdgi'(h — t) X 
Jt 


ee US —_ 7s > if 


27 
$55! (rT) = | dall(tids'(t — ris (t)dt, (29) 


aT 
Pua i | ballh) ds (Aol (t)dty (30) 


0 
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The upper limit in these integrals can be 7 = © if in 
Eq. (12) the interval is infinite as shown. 

The advantage of the form given in Eq. (21) over 
that given in Eq. (12) is that once the orthogonal sets 
are specified, the quantities defined in Eqs. (25)—(30) 
can be precalculated. Then Eq. (21) can be readily 
evaluated, for instance, by a digital computer, without 
the need of carrying out the integrations of Eq. (12) for 
the individual case. An even more decisive advantage 
of the form given in Eq. (21) will be discovered below 
in facilitating the solution of the integral equation 
which defines the optimum weighing function. 


Finding the Optimum System Under the Criterion 

The s criterion can be evaluated from Eq. (12) or (21) 
for a given system with a known impulsive response, 
k(t). Frequently, however, the objective of the design 
is just the determination of k(f) in some optimum way. 
If optimum is defined as the system giving the smallest 
value of the s error of Eq. (12), then by simple use of 
the calculus of variations the following integral equa- 
tion of the first kind results as a necessary and suffi- 
cient definition of the optimum A(f): 


” 
f dhk(t)y,(t, £ — th) — 
0 
W106; —H=0, ©£>t>0 (81) 
where 7 can be infinity. 


Applying the definitions of Eqs. (16)—(30), Eq. (31) 
can be modified into 


D kafa(r) = f(r) (32) 
where 
T 
f,(7) = { dtd, (ty) rr(7, 7 — th) 
0 
T 
_ zz z - h Way { P.84 (to, T) Py! ¥ (to) dte 
a B ¥ /7 0 


(33) 


f(r) = i(0, — 7) 


Zz z, pe V 235! Pass! | T) (3 
a B é 


I 


Let ¢,,.(8) be a complete normalized orthogonal set of 
functions on the interval 0 < ¢< 7. Then by Fourier 
expansion 


fil) = DY finn&m (0) (35) 


m 


f(0) = > fndbm¥ (8) (36) 


m 


where, of course, 


T 
Imn = { Fin(t) Om (r)dr = ps > > Vis, F egumn (37) 
0 a B Y 


a 


T 
Im - J f(r) Gm \(r)dr = p - Zz, V age! F pam (38) 
0 B 6 


with reference to Eqs. (22), (23), (28), and (29). Fur- 
ther, 
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T T 
Fan, mn — f dtshm,° (ts) f Atop, 1 ¥ (te) Pagy(te, ts) (39) 
0 0 


T 
F agsm oni f dtshm V (ts) Bags! (ts) (40) 
0 


Now Eq. (32) takes the form 


} k,, YS finnOm¥ (7) = > fim (7) (41) 


m m 
which can only be satisfied identically over 0 < 7 < T if 


DY fnnkn = fm forallO0<m< L (42) 


hed J MN 
n 


where the largest value of m has been limited to the 
finite L, as any practical Fourier series must have a 
finite length. 

In an alternate matrix notation, 


[fmn] Rn] = Sm] (43) 
or YS |) Oe my (44) 


This gives the Fourier coefficients of the weighting func- 
tion of the optimum system up to order L. Eq. (19) 
then determines the approximate optimum weighing 
function and Eq. (21) determines the s criterion value 
for the optimum weighting function. For the optimum 
system, if ¢,'¥ and ¢,Y are chosen to be the same 
orthogonal set, Eq. (21) for evaluating the optimum s 
simplifies to 


—— f ees Zz Rad n = 2, p 2. WV ase! 'Gase at > Rikon 
a 6 € ™ 


m 


(45) 


Some Aspects of the Design 

The above equations establish a design process lead- 
ing to the impulsive response of a control system which 
is optimum in the sense that it has the smallest true 
average error or s value among all time-invariant linear 
systems in a given input environment. Once the im- 
pulsive response is known it is still necessary for the 
designer to find a physical system to fit the impulsive 
response. Of course, the impulsive response can be 
converted into a frequency response for the fitting. In 
either case, standard methods of network synthesis can 
be used. 

One advantage of the above derived process is that, 
once the particular sets of orthogonal functions are 
selected, most of the working equations as well as the 
design program can be precomputed and programed 
for a digital computer since these working equations 
(specifically, Eqs. (25)-(30), (39), and (40)] depend 
only on the selection of the orthogonal sets and not on 
the specific input and output conditions. All that is 
needed then is to expand the input, output, and prob- 
ability distribution over the selected orthogonal sets in 
accordance with Eqs. (16)-(19) and feed the coeffi- 
cients into the program. 

For cases where the upper limits of integration in 
Eq. (12) are infinite, an exponential polynominal or- 


29 


thogonal set of functions?’ can be used. 
Where the interval is finite, upper limit 7, either a 
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(40) 
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trigonometric orthogonal set or Legendre polynominals 
can be used to advantage, the latter mainly where the 
input is given in the form of a polynominal in ¢, which 
is a rather common case. Finite upper limit of the 
integrals in Eq. (12) may be an expression of either 
(but not both) of two situations. Either the prob- 
ability density p(t) is zero for ¢ > 7, meaning that T 
is the longest time within which the output is utilized, 
or k(t) = 0 for t > JT, which would be the case for a 
system of finite memory, a system which bases its out- 
put on information not older than 7. In either of these 
two cases the solution will lead to a k(t) defined for 
)}<t< 7. The difference is that for a finite memory 
system k(t) will be known to be zero fort > T. On 
the other hand, for a system where the p(t) function is 
zero beyond 7, k(t) will be undefined for t > 7; also it 
will be inconsequential what k(t) is for t > T since this 
part of the response is never used. This latter indef- 
initeness is an additional degree of freedom in search- 
ing for a physical system to fit the optimum k(t) weight- 
ing function—the last step of the design. For the afore- 
mentioned three orthogonal sets, complete details of the 
working equations for digital computer programing 
are now in the process of being derived. The aim of 
the present paper is to explain the mathematical theory 
of the solution and the philosophical basis of the cri- 
terion and also to demonstrate that it is possible to 
base a workable design process on the criterion. 

A highly simplified example follows, which is in- 
tended to illustrate the steps of solution in a simplified 


way. 


Illustrative Example 
Design an optimum system under the criterion for 
an input 


r(t) = u(t)[1 + 0.5¢ 4+ 227] 


and a desired output which is a prediction of the input 
1 sec. from the present time 


i(t) = r(t + 1) = u(t) [8.5 + 4.5¢ 4+ 207] 


assuming that the output is utilized with uniform 
probability between ¢ = 1 sec. and ¢ = 6 sec.; that is, 


p(t) = (1/5) [u(t — 1) — u(t — 6)] 


where u(f) is the unit step function at ¢ = 9. Because 
of the simplicity of this problem, Eqs. (13)—(15) can be 
evaluated directly—that is, without recourse to ex- 


pansions of the type given in Eqs. (16)—(18). 


(8, t sand ty) = { (] 5) [u(te — 1) — uw(te — 6) | x 
0 
u(t, — t)[1 + O0.5(t2 — t) + 2(te — t)?]-u(t2 — th) X 
[1 + 0.5(te — ty)? |dte 
V,(0, — t) = f (1/5) [u(t; — 1) — u(t; — 6)] X 
0 


u(t; — t)[1 + 0.5(4 — t) + 2(4 — 17] X 
(3.5 + 4.5t + 2,7] dt, 


So, with reference to Eq. (32), 
Dd Rafn(t) = f(r) 
n=0 
Using the first form of Eqs. (33) and (34), and ¢,!'(@) = 


V (2n + 1)/6 @, ((6/3) — 1) where @,(x) is the nth 


Legendre polynomial 


fe) = f dtyP (ti) V,(7, ,=_ t;) 
0 


= i} P(t) 4) (1/5)u(te — 7) X 
0 ae 


[1 + 0. 5(te —7r) + 2(te — 7)?]-u(te — th) X 


(1 + 0.5(te ane f)) + 2(to —_ 1)*Iah dt, 


f(r) = ¥;,(0, — 7) 


[ (1/5)u(t, — 7) [1 + 0.5(t4) — 7) + 
J 0 

2(t; — 7)?]-[3.5 + 4.54, + 24,7] dt, 
Now, expanding /,(7) and /(r) according to Eqs. (35)- 

/ 
(36) on the functions ¢,‘(@) = V (2n + 1)/6 &,((0/3) 
— 1) on the interval 0 < 6 < 6 
f,(0) = fonW1/6 + finW 3/16[(0/3) — 1] + 
fon WV 5/6[(62/6) — 0+ 1] 

(6) = frM/1 6 + f,V3 6[(6/3) — 1] + 
fo 5/6[(62/6) — @ + 1] 


Only three Legendre polynomials are used to preserve 
the brevity of the example, of course at the expense of 
the refinement of the solution. 
The matrix equation (43) can now be set up 
1,412.35 | Ro 
— 4,543.13 | ky | = 


1,335.96 | R 


— 4,165.43 
13,815.24 
— 3 188.88 


4,392.06 
— 15,206.65 


3,538.83 


8,829.85 
— 29,021.61 


7,912.02 
Solving this matrix equation for ko, Ri, ke, 


k(t) = Rodot¥(t) + Rigi! (t) + Rop2! (0) 
= (0.5075) W1/6 + (—0.1702) W3/6 X 


((t/3) — 1] + (4.1716)V5/6[(2/6) — t+ 1] 


= 4.136 — 3.848¢ + 0.635? 





This optimum impulsive response is shown in Fig. 1. 
The response of the optimum system can be com- 
puted by convolution 


t 
c(t) -{ k(r)r(t — r)dr 
0 


= 4.13 6¢ — 0.8900? + 2.648¢? — 0.61444 + 
0.0428 


The optimum s error can now be computed directly 
from Eq. (16). 
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Fic. 1. Graphic summary of illustrative example. 


s = 11.01 


In interpreting this example it should not be for- 
gotten that the approximation of the optimum im- 
pulsive response has been limited to a second-order 
parabola by selecting an approximation by only the 
first three Legendre polynomials. Therefore, the ap- 
proximation is necessarily crude. Nevertheless, the 
way c(t) is oscillating around 7(t) suggests an optimum 
fit by limited means. The aim of the example was to 
illustrate direct use of the general solutions without 
deriving final working equations from Eqs. (39) and 
(40) for the Legendre polynomials in general. It could 
be expected, however, that such derivation would sub- 
stantially increase the power of the method. 


Conclusion 


A performance criterion is defined for feedback con- 
trol systems which has a clear physical meaning as the 
average value of the penalized error for such times when 
the output is utilized. The criterion provides a sum- 
mary of system performance which unifies other tech- 
niques devised for special aspects of performance. 

It is demonstrated that tractable mathematical pro- 
cedures can be based on this criterion both for evaluat- 
ing the criterion and for designing systems which are 
optimum under this criterion. A simple illustrative 
example of optimization is included. 

A subsequent publication will put the equations de- 
rived here into a form suitable for ‘‘production”’ type 
digital computer solution. 
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The Effect of Shock-Generated Vorticity, 
Surface Slip, and Temperature Jump on 
Stagnation-Point Heat-Transfer Rates 


H. Hoshizaki 

Senior Scientist, Thermodynamics, 

Missiles and Space Division, Lockheed Aircraft Corporation, 
Sunnyvale, Calif. 

October 16, 1959 


SYMBOLS 


Pr Prandtl Number 
qB.1 boundary-layer-theory heat-transfer rate 
qs.1 shock-layer-theory heat-transfer rate 
? normal distance 

body radius 
Re Reynolds Number 
Ty; fluid temperature at body surface 
lw surface temperature 
| free-stream velocity 

tangential surface velocity 
a accommodation coefficient 

= isentropic exponent 

Aw molecular mean free path at the wall 
Vs kinematic viscosity behind shock 
€ ratio of free-stream density to density behind shock 


T WAS SHOWN in references 1 and 2 that stagnation-point heat- 
transfer rates on spherically capped bodies traveling at hyper- 
sonic velocities and moderately low Reynolds Numbers [Re ~ 
higher than the values predicted by 


This increase is attributed to the vor- 


0(10%)] are considerable 
boundary-layer theory 
analyses, 


ticity generated by the curved bow shock. In these 


the incompressible Navier-Stokes equations were applied to the 


and the body—1i.e., to the 


flow region between the bow shock 
shock layer. The shock layer was 


approximations 


assumed to be completely 


viscous, and no boundary-layer were made 


applied immediately behind the 


The shock boundary conditions 


Boundary conditions were 


shock and at the body surface 
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were obtained from the normal-shock relations, whereas, on the 
surface, the usual no-slip conditions were employed. 

It is the purpose of this note to show how surface slip and 
temperature jump affect the results of references 1 and 2. The 
surface-slip velocity and temperature jump are given approxi- 
mately by® 


Ow = Aw(OV/Or)w (1) 
Ty = Tw + [(2 — @)/a] [2y¥/(y + 1)](Aw/Pr)(OT;s/dr) (2) 


The incompressible Navier-Stokes equations were solved 
numerically, using the normal-shock relations as the outer 
boundary condition and the slip boundary condition at the sur- 
face given by Eq. (1). The heat-transfer rates were then ob- 
tained from the energy equation using the temperature-jump 
expression, Eq. (2). Details of the numerical method em- 
ployed are given in reference 2. 

The results of these computations are shown in Fig. 1, where 
shock-layer to boundary-layer heat-transfer ratios are presented 
as a function of Reynolds Number with density ratio across the 
shock, «, as a parameter. This ratio gives essentially the in- 
crease in heat-transfer rates due to shock-generated vorticity 
over the values predicted by boundary-layer theory. The 
boundary-layer heat-transfer rates were obtained from refer- 
ences 4 and 5. The Reynolds Number is based on the free- 
stream velocity V,,, the body radius 7», and on fluid properties 
The slip boundary conditions are seen to re- 
The effect of the slip 
boundary conditions relative to shock-generated vorticity effects 


behind the shock. 
duce the heat-transfer rates as expected. 


increases as the shock strength decreases (e€ increasing). The 
reason for this is that the shock-generated vorticity effect varies 
approximately as (e)~? (Fig. 1) whereas the slip boundary condi- 
It should be noted that these 


2 


tions are proportional to (e«)~!/2, 
computations are restricted by the incompressible assumption to 
cases where the heat-transfer rates are low. The slip boundary 
conditions will have a smaller effect when the heat-transfer 
rates are high (cold wall), as was shown by Hayes and Probstein.® 

In the Reynolds Number range between 500 and 3,000, the re- 
sults shown in Fig. 1 for « = 0.10 can be approximated by 


9s.1../Ip.t. = 1 + (14.8/Re™) — (14.5/Reo-7) (3) 


The second term in the above equation represents the increase 
in heat transfer resulting from shock-generated vorticity whereas 
the last term represents the counteracting effect of the slip 
boundary conditions. Hence, for the above conditions, the 
effect of slip boundary conditions on stagnation-point heat 
transfer is of the same order of magnitude as the effect of shock- 
generated vorticity. 
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The Pitot and Static Tubes—Condensed 
Sources of General Fundamentals and 
Applications 


Jay W. Stuart, Jr. 
Engineering Specialist, Aero Sciences, Norair, a Division of 
Northrop Corporation, Hawthorne, Calif. 


September 18, 1959 


So" SUBJECTS, even though they constitute a well-developed 
portion of a field, have realized no complete, unified exposi- 
tion. Thus, only a very few experts, workers who exercise a con- 
tinuing, exhaustive interest in a subject, possess such knowledge. 
Hence, when the need arises, the nonexpert must hastily survey 
the field with such resources as are at hand. This note is pre- 
sented to ease this task by briefly describing a condensed collection 
of papers which fill the void for the subject of pitot and static 
tubes, their origin, principles, theory, evolution, performance, and 
modern modifications and applications. 

The author became aware of this need while being associated 
with a survey of the methods of measuring free-stream stagnation 
and static pressures,! experimentally developing his concept of 
sensing the free-stream static pressure by aerodynamic compensa- 
tion,? and conducting a survey of attitude sensing,* each with pres 
sure sensors in high-speed flows. These papers should comple 
ment the others discussed below in high-speed, modern aircraft 
applications. They rely heavily on all these papers or their pred- 
ecessors, except references 9, 10, and 11. Reference 11 is very 
exemplary in fulfilling the described need and is the stimulus for 
this note. 

Reference 4 is an especially complete treatment of the pressure 
sensing of altitude and speed for subsonic operational flight. Ref- 
erence 5 is an extended, summarizing compilation of particularly 
obscured classical and World War II investigations of the entire 
subject. Reference 6 is a valuable, thorough treatment of the 
contemporary status of many geometries of the pitot tube and 
their performance, including large incidence to the flow. Likewise, 
reference 7 compiles most of the pertinent information about prac- 
tical static-pressure installations on aircraft, including details 
about orifice configurations. Furthermore, extending aircraft ap- 
plications into the transonic regime, reference 8 gathers the infor- 
mation of subfields investigated by each of its authors into a gen- 
eral treatment of the transonic behavior of the forward ‘‘pressure- 
field error.”’ Reference 9 reports analytical prediction and ex 
perimental verification of the nose-boom shape perturbation for 
an aerodynamically simplified aircraft configuration. This pro- 
vides for the accurate sensing of free-stream pressure and Mach 
Number by aerodynamic compensation or nullification of the 
“‘pressure-field error’’ according to the concept of reference 2, em- 
pirically adapted therein to a more complex configuration. Finally, 
reference 10 briefly reviews the significance of material in ref 
erences 7, 8, and 9 to the restricted field of flight, especially pro- 
jected transport flight, in the transonic speed regime. 

Now we come to the basic review Reference 11 is Professor 
Folsom’s ‘‘Review of the Pitot Tube,’’ a compendious synopsis 
of precisely that subject which has been lacking in the literature 
as described. It was published concurrently with references 6 
and 8 and the references of the author and was, therefore, un- 
known at that time. It commendably condenses, discusses, docu- 











| un 





k Co., 


tofa 
. 8, p 


Flow, 


Sj 
vr 


yped 
)OSi- 
con- 
dge. 
vey 
pre- 
tion 
atic 
and 


ted 
ion 
of 
1Sa- 
res- 
le 
aft 
ed- 
ery 
for 


ire 





READERS’ 


ments, illustrates, and evaluates only that material of value in 
history, principle, theory, applications, and design without be- 
coming burdened with details. Though crossing all applicable 
disciplines—e.g , homogeneous and heterogeneous liquids and 
gases and their mixtures, it exhibits special interest in none. This 
work is evidently the result of long, broad, intimate experience 
and is highly recommended by this author. 

It is further suggested that the combination of these eleven 
references provides a valuable start of a coverage of the field and 
its application to flight as the first step before attacking the fron- 


tiers 
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The Influence of Panel Deformations 
on Wing Flutter 

D. J. Johns 

Lecturer, The College of Aeronautics, Cranfield, England 
September 29, 1959 


SYMBOLS 
a = panel chord 
A = panel-bending generalized coordinate 
r = speed of sound 
h = panel thickness 
m = mass/unit area; m7 = whole wing; mp = two panels 
M = Mach Number 
n = number of panel chords—i.e., na = wing chord (n is odd) 
p = aerodynamic pressure 
Qa,QA = generalized aerodynamic forces 
R = [2pc/mpwa] 
t = time 
l = velocity of supersonic stream 
zu = velocity of air normal to surface 
Z(x,!) = displacement function 
a = wing twist 
w = flutter frequency 
®A, Wa = fundamental frequencies in panel bending and wing twist 
6 = on wa 


r = mT/my 
p = density of undisturbed supersonic stream 
o density of panel material 


HE PROBLEM of panel flutter has received considerable atten- 
tion in recent years, and the phenomenon is now fairly well 
understood.!~3 Similarly, investigations into flutter at high 
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Fic. 1. Multipanel wing. 


Mach Numbers of complete wings have been made which illus 
trate the effects of various parameters.* > 

However, the question arises as to whether significant cou 
plings can occur between the panel-bending modes and the de 
formation modes of the entire lifting body or surface—e.g., a 
wing. A brief investigation has been made of the simplified 
configuration shown in Fig. 1 and is reported in this note. Al 
though this configuration may not be very representative—e.g., 
only spanwise stiffeners are shown—it should suffice for the pur 
poses of the note. The various assumptions made are as follows: 


(a) Wing elastic axis at midchord 

(b) Aerodynamic forces given by piston theory and acting 
only on the panels. 

(c) Upper and lower panels have simply supported edges and 
deform similarly. 

(d) Uniform mass distribution over wing 

(e) Zero structural damping 

(f) The motion is simple harmonic. 


For the coupled modes of wing twist and fundamental panel 
bending (streamwise), the displacement function Z is given by 


Z = xa for the wing structure 
Z = xa + aA cos (rx/a) for the panels 


The total kinetic energy, per unit width spanwise, is given by 


9 


ena/sZ 
- . r72 
K.E. = | (1/2)mZ* dx 
J —na/2 
K.E. = (1/2)mr(na3/12)a? + (1/2)m,(na*/2)A? (1) 


and, hence, the strain energy can be written 
S.E. = (1/2)mr7(n3a3/12)wa?a? + (1/2)m,(na3/2)wa2A? (2) 
The aerodynamic pressure, as given by linear piston theory, is 
pb = pcw where 
w = U(dZ/dx) + (dZ/dt) 


Therefore, the generalized aerodynamic forces are given by 


Qa = 2pcl(aa%n?/12) — (+)(2Ua*A/w)] | (3) 
Qa = 2pc(+(2Ua%a/r) + (nAa*/2)] j , 


where + sign depends upon whether (” + 1)/2 is odd or even, 
and, by using Lagrange’s equation, the final flutter equation 
obtained is 
[wa? — w? + (2pciw/mr)| X 

[wa? — w? + (2pciw/m,)| + (96/r?) X 


[((2pcU /an?)|*(1/mrmp) = 0 (4) 


If Eq. (4) is separated into its real and imaginary parts, one ob- 
tains 

(w/w)? = [(0? + rA)/(1 + A)] (5) 
and 
(96/2?)[U/awan?]? = 

[(@2 + r)/(1 + A)](1/02) + [A/(1 + A)]? X 
[(02 — 1)/67]*(1/R*) (6) 

where 


A = mr/myp, 0 = wa/wa, R = 2pc/mpwa (7) 





138 JOURNAL OF THE AERO/SPACE 






hw = 7x10” 
a 


Acuminium 
PANEL ar 
SEA LEVEL 
50 












a ao 


10 20 50 








Fic. 2, Wing-panel critical flutter speed (aw4 = 346 ft./sec.). 


This latter term is a measure of the aerodynamic damping 
forces and depends upon altitude, panel material, and thickness- 
chord ratio.® 


As an example, aluminum panels: h/a = 7 X 1073 at sea 
level. Therefore, R = 0.2 and aw4 = 5pca/ah = const. = 4,150 
in./sec.—i.e., if a = 10in., w4 = 415 rad./sec. 


From Eq. (6), Fig. 2 shows the variation of [U/n?aw,4] with 
§? for various values of \. It is seen from Fig. 2 that, as #2? ~ « 


and }\ ~ o, for R = 0.2, the value of [U/n%aw,] tends to a 
maximum—i.e., 1.6. 
Hence, the corresponding maximum value of U is (for n = 1) 
U = 1.6 X 4,150/12 ft./sec. 
= 550 ft./sec. (8) 


Although this result is meaningless since piston theory is in- 
applicable at subsonic speeds, it indicates that flutter in the 
modes considered here is more critical than in the pure panel- 
flutter problem, where, from reference 3, for an aluminum panel 


at sea level with h/a = 7 X 1073, Merit. = 4.5. However, for 
n = 3, Ui. = 4,950 ft./sec., which is equal to M,,;,. = 4.5 (ap- 
prox. ). 


Although a possibly pessimistic configuration has been con- 
sidered in this analysis, the results still indicate the possible 
importance of wing-panel coupling. While the present result 
is not necessarily fully realistic, it would suggest that a coupling 
of the type considered in this note might be critical on certain 
practical designs. Obviously, the problem merits further 
study. 
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A Simplified Expression for the Period of 
Nonlinear Oscillations of Curved 
and Flat Panels 


Joshua E. Greenspon 
J G Engineering Research Associates, Baltimore, Md. 
August 13, 1959 


A PANEL undergoing large deformations acts like a nonlinear 
spring with cubic nonlinearity.'»® The equation of motion 


SCIENCES 


FEBRUARY, 1960 


of such a panel is 
w + (aw + Bw*) = 0 

where @ is connected with the linear portion of the restoring 
force and @ is connected with the nonlinear part of the restoring 
force; a and 6 can be determined as outlined in reference 1.* 
Such a system has a period of oscillation dependent on the 
amplitude of the oscillation. The expression for the period is as 
follows :? 


w/2 " 
T= sv2 f d0/\/2a + BA? + BA? sin? 6 (1) 
0 


where A is the amplitude of the motion and T is the period 
A simplified expression for the period is derived below. First 
write the expression for the period in the following form: 

2 


T= 4/2 /2a + aa [ do/~/1 + k? sin? 6 (2) 
0 


where 
k? = BA?/(2a + BA?); thusk < 1 
{for the linear case where B = 0, T = (41/2/V/2Va) X (7/2)= 
22/Va.] Now, referring to reference 1, it is seen that for a 
flat rectangular plate 
B = Dé/ph*b4, a = Dy ‘phb4 
where D = Eh3/[12(1 — v?)], the plate modulus; h = plate thick- 
ness; p = mass density of plate material; ) = one half the length 
of the shorter side of the plate; and 6 and y are obtained from 
the restoring-force curve. 
F = y(w/h) + 5(w/h)8 
F being a nondimensional force function. So, 
k? = (1/2)(6/y)(A?/h?)/[1 + (1/2)(6/y)(A?2/h?) J 


If the denominator in expression (2) is expanded into a series and 
the integration carried out,t we obtain 


T = (24/Va)V1/[1 + (1/2)(8/y)(A2/h?)] X 
[1 — (k2/4) + (9k*/64) — (225k5/2304)... | 


so that the ratio of the period of oscillation to the linear period is 


gf (27 V a) 
* For an initially flat panel, 8 > 0, corresponding to a hard spring; for an 
initially curved panel, 8 < 0, corresponding to a soft spring. 
Such a technique is employed by Malkin.® 
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“1G. 1. Nonlinear period for a simply supported square plate 
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As an example, take a clamped square plate. For this case, 
6 = 35and y = 45, so 6/y = 0.775 (see reference 1). So, 


T/Te = V/1/[1 + 0.388(A2/h?)] X 
[1 — (k2/4) + (9k4/64) — (225k8/2304) ... | 
where 
k? = [0.388(A?/h?)]/[1 + 0.388(A?/h?) | 
The curve of 7/Te is given in Fig. 1 for a simply supported 
square plate* where 
F = gqa*/Eh® = 1.37 wo + 1.94(wo3/h?) 
or 
gat/Dh = 12(1 — v?) XK 1.37(wo/h) + 
12(1 — v?) X 1.94(wo?/h*) 
Therefore, 


y = 12(1 — vw?) X 1.387; 6 = 12(1 — v?) X 1.94 


6/y = 1.42 
and 
T/Te = +/1/[1 + 0.71(A2/h®)][1 — (k2/4) + 
if 


A/h =1, T/Te = 0.70 
Chu and Herrmann? obtain 0.71 as a result of their more exact 


analysis. 
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On Magnetohydrodynamic Channel Flow; 


J. E. McCune* and W. R. Sears** 
Cornell University, Ithaca, N.Y. 
August 7, 1959 


IX REFERENCES | AND 2, the flow of electrically conducting gases 
in channels, under the influence of crossed electric and mag- 
netic fields, was treated in the quasi-one-dimensional approxima- 
tion of gasdynamics. The present note is intended to clear up 
certain confusion which we believe exists concerning the ap- 
proximations of that investigation and to present the results of 
an extension of the work. 

(1) The first point is raised by certain published reviews* 
of the Resler-Sears paper and by a number of comments we have 
received privately in the same vein. The impression seems to 
exist that the perturbations of the applied magnetic field due to 


1 Part of this work was carried out by Dr. McCune as consultant to 
Thompson Ramo Wooldridge, Inc 

* Formerly, Instructor in Aeronautical Engineering Now, Associate Con 
sultant, Aeronautical Research Associates of Princeton 

** Director, Graduate School of Aeronautica! Engineering; 
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Fic. 1. Coordinate system and notation 


motion of the fluid have been neglected and, therefore, that the 
theory pertains only to flows of small conductivity, or, more pre 
cisely, small magnetic Reynolds Numbers. This is not correct 
The applied field is, in general, grossly distorted by the motion, 
but this distortion does not appear explicitly in the channel-flow 
equations. 

In references 1 and 2, the approximation was described as “‘the 
familiar methods of one-dimensional channel flow;’’ and the 
variables p(x), u(x), etc., were defined as average values of pres 
sure, velocity, etc., for the cross section at x. Thus, the current 
jy(x) is also the average value, and j,H, the average body force at 
x (see Fig. 1). Eqs. (38)-(40) are relations among such average 
values. Maxwell’s equations are not needed here, since the ef 
fects they describe do not enter explicitly in determining the above 
average quantities. The average value H(x) is the same as the 
boundary value—i.e., the field strength at the walls of the 
channel. The whole affair is quite analogous to the treatment of 
channel flow with viscosity, found in many textbooks. Although 
one works with an average speed u(x), one also introduces wall 
friction in terms of a friction coefficient and thus surely recog- 
nizes that the profile of velocity u(x, y) is not uniform in y but 
involves shear. 

The actual approximation made in references 1 and 2 is to 
neglect the induced part of the boundary values H,(x) mentioned 
above—i.e., to take these values to be just the field strengths 
applied externally by magnets. This is valid for nearly uniform 
slender channels, as will be elucidated below; and for sufficiently 
slow variations of properties along the channel it is valid for any 
magnetic Reynolds Number. It becomes exact for an infinitely 
long uniform channel (e.g., Hartmann flow), where the field dis 
tortion, although gross, is the same for all x and the induced part 
of H, is zero. 

(2) Maxwell’s equations (in particular, Ampére’s law) are 
needed within the quasi-one-dimensional approximation described 
above only to calculate the induced part of the fields. “ Their use 
allows us to determine, for example, how much of the assumed 
boundary value Hx) must actually be supplied by external 
magnets. This is the extension of references 1 and 2 mentioned 
above. 

If the local value of the curl of H, given by 47j(x, y, 2), were 
known everywhere, the corresponding values of H itself could be 
computed using the classical calculation of Biot-Savart. In the 
present case, we are interested only in that part of H associated 
with the currents 7m the gas; the fields arising from external cir- 
cuitry, including the return circuits for the gas currents, are all 
considered ‘‘applied.’’ The theory of references 1 and 2 provides 
the average current density in the y direction, 7,(x). Associated 
with this component of current are the induced components of 
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magnetic field, h, and h,. As outlined below, if we replace the 
local value j,(x, y, z) in the Biot-Savart law by its average, j,(x), 
we can obtain a useful approximation to h, and h,. 

From the Biot-Savart law, we have in general 





L a 
h(x, 0, 3) = 2b IW EME — x)dE 
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h= SSS ((jxr)/rJdr (1) 
all currents 
in gas 
where r is the vector displacement from the current element to 
the field point in question. Referring to the geometry illustrated 
in Fig. 1 and using the approximations outlined above, we may 
write for the plane y = 0 


d¢ 


é)? + (3 — c)2]1V/ b? + (x — §)? + (s — ¢)? 


Here L is the total length of the channel. Generalization to arbitrary y is straightforward but tedious 
The inner integral in Eq. (2) has an elementary expression which when evaluated at the limits +a gives 


1 A 9 { 
. (EE — x)dé (x — &)*? + j(a — 2) 
hAx, 0, z) = { Ju ¢ J | 
0 


: 
oO 
eo t | os 
| * s| 


This expression can be used for direct computational purposes to 
obtain 4, corresponding to the currents in the gas for any solution 
obtained from the theory of references 1 and 2. More impor- 
tantly, it can be used as a means of estimating the order of mag- 
nitude of h, for various channel geometries in order to clarify the 
nature of the channel-flow approximation. 

A particularly interesting limit of Eq. (3) arises when b/L > 
co, i.e., the channel is two-dimensional, and a/L — O such that 
the product aj, remains finite. One then obtains, for z = -ta, 


L 
h(x) —~ —2 p, I(§)dE/(x — £&) (4) 
where 
T(é) = lim 2aj,(&) 
a-> 9 


This is the classical expression for the component of magnetic 
field normal to a current sheet. It is well known that, while h, 
is continuous through such a sheet, 4, is discontinuous; this cer- 
tainly suggests that 0h,/0z is the dominant term in the expression 
for jy, as will be confirmed below. 

In most channels of interest, both a and } will be small com- 
pared with the channel length, Z. Consider the upper edge of 


the channel, z = a, where only the second term in the brackets 
in Eq. (3) plays a role. The cos~ has its maximum value of z 
at x = & and contributes O(7) over the range of integration for 
which | x—£| = O(b) when a is also small. Thus, at the ends of 
the duct (x = 0 or L), the z component of the induced field is 
order zjy(x = 0, L)b. On the other hand, since the integrand is 
discontinuous in sign at x = &£, the above contribution to h, 


cancels out in the range b < x < L — b; expansion of the inte- 
grand then shows that h, = O(j,ab/L) over the middle portions 
of the duct. The approximation made in references 1 and 2, 
mentioned above, is to neglect terms of this order in comparison 
with the applied H,(x); this is seen to be justified if LZ is suf- 
ficiently large. 

By contrast, the component h, is O(j,a) according to Ampére’s 
law; no approximation was made in references 1 and 2 regarding 
this component. It is now clear, moreover, that except near the 
ends of the duct the correct approximation for the slender chan- 
nels of references 1 and 2 is 


4njy ~ Ohz/dz (5) 
ine.m.u. This formula, incidentally, provides a simple means of 


computing the ‘‘pinch effect”’ for channel flows of this kind. 
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The Stagnation-Point Ablation of Teflon 
During Hypersonic Flight} 


S. M. Scala* and N. S. Diaconis** 
General Electric Company, M.S.V.D., Philadelphia, Pa. 
August 10, 1959 


SYMBOLS 


h = enthalpy 
Q* = effective heat of ablation 


Subscripts 
e = outer edge of boundary layer, stagnation 
w = wall 
air = evaluated as if the gas is air 


(1) INTRODUCTION 


——_— a cursory analysis seems to indicate that one can 
predict the thermal behavior of polytetrafluoroethylene 
(Teflon) by means of a simple energy balance,! a more complete 
understanding of the thermal response of this material requires 
that the chemical-kinetic and gas-dynamic aspects of the prob- 
lem be considered, as well as the purely thermodynamic factors. 
In this note, we will compare several recent theoretical predic- 
tions,'~* with the most recent experimental results available,’ 4 
on the ablation of Teflon during exposure to the stagnation en- 
thalpy and pressure levels encountered during hypersonic flight. 


(2) ANALYSIS 


During severe heating, Teflon polymer (C2Fy)n, undergoes a 
rate-controlled pyrolysis process in which the solid gasifies pri- 
marily to the monomer C:F;. The early work of Madorsky, et 
al.,5 and Siegle and Muus® concentrated on the experimental de- 
termination of the kinetics of the depolymerization process. 
More recently, Friedman’ re-examined the earlier work and estab- 
lished new kinetic equations for the pyrolysis mechanism. 

However, in order to predict the ablation rate of this material 
during hypersonic flight, it is also necessary to consider the effect 
of diffusion and combustion within the boundary layer, since a 
diffusion-controlled combustion process occurs in which part of 
the injected mass of C.F, combusts to form CO F). 








t This note is based in part upon work performed under the auspices of the 
USAF, Ballistic Missiles Division, Contract No. AF 04(647)-269. 

* Manager, High Altitude Aerodynamics. 

** Specialist, Aerodynamics. 

The authors wish to acknowledge the assistance of Mr. Leon Gilbert who 
performed the calculations and drew the graph. 
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Fic. 1 Effective heat of ablation for Teflon. 


(3) Discussion 
For this discussion, refer to Fig. 1. The experimental data of 
reference 1, which cover a broad range of stagnation enthalpies 
and which were taken within narrow pressure limits, are shown 
In the theoretical calculations of reference 1 (also shown), the 
effects of combustion were assumed to be negligible, and in addi- 
tion it was assumed that the surface temperature was some known 
As shown in Fig. 1, 


” 


constant—1.e., the ‘‘ablation temperature 
agreement between theory and experiment is fair. 

Upon retaining the assumption of constant wall temperature, 
but including combustion effects, Sutton? independently calcu- 
lated the variation of Q* with stagnation enthalpy, and his result 
appears to coincide somewhat more closely with the experimental 
data of reference 1 than does the theory of reference 1. 

The major shortcoming of each of these theories,» ? however, 
is that the assumption of a constant surface temperature pre- 
cludes the appearance of a pressure or altitude effect. 

When the assumption of constant wall temperature is re- 
laxed—i.e., making the latter an unknown to be obtained during 
the solution of the problem, Scala* found that the surface tem- 
perature correlated linearly with the logarithm of the stagnation 
pressure; and, moreover, a significant altitude effect appeared in 
the magnitude of the effective heat of ablation, Q*. Scala’s 
theoretical prediction has been confirmed in part by Diaconis who 
performed ablation tests on Teflon in a 60-kw. air-arc test facility. 
Diaconis‘ found that, in agreement with the theory, (a) at con- 
stant altitude, the effective heat of ablation of Teflon increases 
with stagnation enthalpy, and (b) at constant stagnation en- 
thalpy, the effective heat of ablation of Teflon increases with alti- 
tude (see Fig. 1). 


(4) CONCLUSIONS 


The foregoing analysis and discussion serves to emphasize that 
extreme care must be exercised in analyzing the effects of the 
mass transfer of chemically reacting species whose molecular 
weight differs appreciably from that of air molecules. 

The significance of the effect of altitude upon the assessment of 
surface temperature should not be overlooked; and further, the 
use of an “ablation temperature,’’ while a useful expedient, is an 
artificial concept. 

In order to establish the thermal response of ablating materials 
experimentally, good data are required at high stagnation 


pressures. 
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A Multiple Hot-Wire Array for 
Measurements of Downwash Integrals 


Kent Kresa* and Erik Moll&-Christensen 

Student and Associate Professor, Respectively, Department of 
Aeronautics and Astronautics, Massachusetts Institute of 
Technology, Cambridge, Mass 

September 8, 1959 


A’ TIMES, a direct measurement of a momentum integral 
may facilitate our understanding of an unsteady flow proc- 
ess. This is especially the case where the quantity of immediate 
interest is very difficult to measure, such as the mean drag of an 
oscillating body or the lift on a heavy body in unsteady flow. 

As a first attempt at direct measurement of an instantaneous 
momentum integral, an array of 26 hot wires was constructed 
and used for measurement of downwash in a Karman vortex 


street. 


(1) Z1G-ZaAG Hot-WIRE ARRAY 


The multiple array of hot wires is shown in Fig. 1. It consists 


of 26 wires, mounted on pins which are inserted in thermocouple 


* Now with Avco, Burlington, Mass 
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WIRING ARRANGEMENT 


Sketch and diagram of ‘‘zig-zag’’ hot wire. 
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Fic. 2. Schematic of heating-current circuit and bridge. 
tubing. The tubing is mounted in a steel-reinforced micarta 
wedge. 

The wires are counected so as to form one half of a Wheatstone 
bridge, with all the ‘‘zigs’’ connected in series a:id all the ‘‘zags”’ 
connected in series, as shown in Fig. 2. The wire used is 0.001 
in. diameter platinum wire. 

The unbalance of the bridge is approximately proportional to 


+h 
—h 


where v is the velocity along the array and LU’ the velocity normal 
to the array. 
A plot of bridge output vs. flow inclination is shown in Fig. 3. 
The hot-wire bridge was found to need no compensation for 
time lag in the frequency range of 0-200 cps ind could be used 
without any amplifiers. 


(2) MEASUREMENT OF DOWNWASH IN A KARMAN VORTEX 
STREET 
As a first application of the zig-zag hot wire, it was used to 
measure average streamwise flux of lateral momentum in the 
wake behind a cylinder. 
The hot-wire output is proportional to 


+h 
f {[v(y, t)]/U} dy 
—h 


The power spectral density g(w) of this quantity was measured 
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Fic. 3. Bridge output vs. flow inclination. 
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Fic. 4. Dimensionless power spectral density of 


+h 
ae) f (v' 
—h 


U)dy vs. fD/U 


and made dimensionless by multiplication by U/D, U being the 


free-stream velocity and D the diameter of the circular cylinder. 
The result was plotted against reduced frequency wD/27U and is 
shown in Fig. 4. 

Although this result is interesting, we shall not attempt to in- 
terpret it here but merely exhibit it as a sample result of a meas 
urement performed using a hot-wire rake. 
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An Exact Calculation of Some Steady, Diabatic, 
Two-Dimensional Fields of Compressible Flow 


Bruce L. Hicks* and Donald R. Chenoweth** 
University of Illinois, Urbana, Illinois 
August 12, 1959 


eure i SOLUTIONS of complex compressible flow problems 
can often be illuminated by comparison with exact solutions 
of elementary problems. We describe here a simple diabatic 
flow that can be constructed exactly by an inverse method 
applied to a restricted class of flow fields 

We characterize a steady, diabatic, flow field by the (irrota- 
tional) vector N = Vd@y where the (rotational) velocity vector 
V = N[e(N)RT]|!/2;\ R and T are the gas constant and the ab- 
solute temperature, respectively; N = | N 
g(N) is a function of N only.! 


| and the scalar 
We describe the rate of heat 
addition by a coefficient 

de = (Q/2cp)(RT*)~'? 
where Q is the heat added to the flow per unit mass and time, and 
We fur- 


ther characterize the types of flows considered here by a series 


g@ is, at the outset, an unknown function of position. 


of three restrictions. 

Restriction 1. The partial differential equation satisfied by oy 
is of the elliptic type with determinant identically equal to one 
Then, g(N) = 2(1 — N?)-. 
tion on the dependent variable ¢y — 4%, suggested by Dr. 
Bernard Dimsdale,? leads to the linear differential equation 


In this case, an exact transforma 


V2, = (1 2)(A, — 4a) (1) 


where a = Oif A # 0. The fundamental solutions of this equa 


tion have already been discussed briefly.” 


* Associate Professor, Department of Aeronautical Engineering 
** Graduate Student, Department of Aeronautical Engineering 
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Restriction 2. A 0. In this case 
V2, = —2a, a constant (2a) 
& = g — h = aldn + oo)? (2b) 


where @o and 9 are integration constants. We shall use the 
function ® to represent the flow field. In fact, most important 
characteristics of the flow can be expressed explicitly in terms 
of ® Thus, 


N? = |Von|? = [(V®)*]/4a@ 
yM* = gN? = [2P(V®)*]/p | 
p = Pol|4ab — (V®)?] | 
qa = (0/2/27) Po/p)3!? X 


{4a[4a@ — p(y + 1)/Po] — [en + exif > (3) 
N-V In T = N-V In (p/®) — {p/[Po(V)?]}N-V In 
N = (1/2)(a@b)—@/2)(B7 + &) 
B = 0%/Ox2, £ = OD/Oy¥e2 | 
n = AV)2/dx2, x = 2(VH)2/dy2 ) 
where p, M, and y are the pressure, the local Mach Number, 
and the specific heat ratio, respectively, and Po is an integration 
constant appearing in the pressure equation. Any second-degree 
algebraic function of x and y satisfies Eq. (2a). Furthermore, 
any appropriate boundary conditions can be satisfied by adding 
harmonic functions to these fundamental solutions, yielding, 
therefore, a great variety of calculable diabatic flow fields. We 
have classified in some detail the corresponding flow patterns of 
which there are many different types and will describe here only 
the simplest pattern, specified by the next restriction. 
Restriction 3. The equipotential curves are parabolas. We 
may orient the parabolas symmetrically with respect to the y 
axis and write 
@ = (e?/4a)(x? + 2y) (4) 
where we have made the scale changes 
Xe = ex/2a, ye = ey/2a (5) 


We can also express the other flow properties of interest as ex- 


plicit functions of x and y: 


WV = (ex/2a) exp (—y) 

yM? = —2(x? + 1)(2x? + 2y + 1)7 

pb = —Poe(2x? + 2y + 1) 

qe = + { (vy + 1)2avV/ —2]/ey} { 2x? + | 

2y/(v + I) |y + 1} [2x2 + 2y + 1]-@/® | 

N-V In T = N-V In [(2x? + 2y + 1)/(x? + 2y)] + 
[(Qx? + 2y + 1)/(x? + 1)JN-V In (x? + 2y) | 

N = (—(x? + 2y)]-@!2(xd + 7) 


The quantity W is not a stream function but is a parameter 


(6) 


labeling the different streamlines. 

Under the restrictions that we have imposed, the constant- 
pressure curves, the curve for zero rate of heat addition, and 
the sonic line are parabolas symmetric about the y axis (see 
Fig. 1). The parabola of zero pressure is a limit line, and real 
flow exists only within this parabola. We notice that the sonic 
parabola lies within the parabola of zero rate of heat addition 
and that this parabola in turn lies within the limit line. 

If the streamlines are diverging at the sonic condition, then 
heat is being added continuously to the flow.*»4 For upward 
or nozzle flow, for example, heat is therefore being added to the 
fluid inside the parabola of zero rate of heat addition. The 
choice of signs in the fourth of Eqs. (6) must be in accordance 
with this principle and with the direction of the flow. 

The streamlines are exponential curves (see Fig. 1). It is 
thus possible to simulate a particular diabatic nozzle flow. The 
thrust F, per unit of exit diameter is found to be 


Fy, unit dia. = Poe? [(2/3)(2av/e)? exp (2y) + 2y + Ily< 

(7) 

The exit of the nozzle is located at y, and the divergence of the 
nozzle is specified by the magnitude of aW/e 

Corresponding to the equations above, the axis of symmetry 

of the nozzle is the zero streamline. Along this line, the differ- 
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Fic. 1. Flow field when the equipotential curves are parabolas. 








ential equation for the temperature can be integrated, giving ex- 
plicit relations between the flow properties and y and M: 
(p/ px )rmo = (—y¥/2)(2y + 1) = (1/M?) 
(T/Tx)z—0 = (1/M?) exp {(2/y)[1 — (1/M?)]} 
(T/T )za0 = [2/(y + 1)]{(1/M?) + 
(vy — 1)/2]} exp {(2/y)[1 — (1/M?)}} 

(V/V«)r—_0 = exp }(1/y){1 — (1/M?)]} 
(Q/Q«)r=0 = [(2/M?) — 1] exp {(3/y)[1 — (1/M?)]} 
Some of these relations are plotted in Fig. 2. The subscripts ¢ 
and » denote the stagnation and the sonic conditions, respec- 
tively. 

When the flow is supersonic, the flow properties vary with 
Mach Number in a fashion very similar to their variation in the 
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Fic. 2. Zero streamline flow properties vs. local Mach Number 
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case of constant-area diabatic flow.5: 6 
this similarity no longer obtains. 
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On an Exact Solution of Laminar Mixing of 
Two Different Gases{ 


Luigi G. Napolitano 

Associate Professor of Aerodynamics, Instituto di Aeronautica, 
University of Naples, Naples, Italy 

August 25, 1959 


i THE PRESENT NOTE, an exact solution of isovel laminar mix- 
ing of two different gases is presented. 

Consider the interaction of two semi-infinite streams. The 
state, diffusion, and energy equations for the subject problem 


can be written as:" ? 


pl /m = const., 1/m = (W/me) + [((1 — W)/m], 
puW, + puWy = (DepWy)y 


puT, + poT, = (1/C,)(AT,), + epDiW,T,(cr, — Cp,)/Cp (1) 
where W is the mass-density ratio for gas number 2, m is the 
molecular weight of the mixture, C, = Wcep, + (1 — W)ep,, and 
subscripts 1 and 2 refer to streams 1 and 2. All other symbols 
have conventional meanings. Assume that similarity conditions 
prevail and that the diffusion coefficient D,. is proportional to 7? 
It is then easy to verify that the velocity field is described by a 


stream function of the form 
Y = pre [2(Di2),x] 0 
where the similarity variable is defined by: 
f mT kd 
o = } 2x(D12)1]}? “ie (p/p, )dy (2) 
Herein, pie is the density of stream 1, and p is that of the gas mix- 
ture. By letting G = G(o) = m/m and (0) = 7/7, Eqs. (1) 
are reduced to 
G?G" + oG’ = 0 (3) 
(1/Le)(cp,/Cp)(G0’)’ + GO'\(a/G) + [(¢p, — Cp,)GW’]/C,} (4) 
where Le is the Lewis Number referred to the conditions of 
stream 1. The diffusion Eq. (3) results uncoupled from the 


energy equation and can be solved in closed form. By introducing 
the following new dependent and independent variables 


dG/do = —U-“a) (5) 
2-C2)q = U1+4+ 6G, [da = 2-(/)U-'dg] (6) 

Eq. (3) becomes 
dU — 2aUda = —2'"da (7) 


t The work presented in this paper was carried out under the sponsorship 
and the support of contract AF 61(052)-160, administered by the European 
Office of the ARDC. 
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In the subsonic flow, 


Diabatic Flow of a Compressible Fluid, Q. Appl. Math., 


SCIENCES FEBRUARY, 1960 
Integrating this equation results in 
U- = dG/dae = —2r-O/2e-a27Qy7-QlDC, — 2/2 erf a)! (8) 


The solution G can be determined by properly combining Eqs. (5), 
(6), and (7). Integrating the resulting equation with the bound- 


ary conditions, G(+ ©) = 1 and G(/—o«) = mo/m, results in 
2G = 2m/m = [1 + (me/m)] + [1 — (m2/m)] erf a (9) 
Thus, the value of the molecular weight of the mixture at a 0 


is equal to the arithmetic mean of the values of the two streams, 
and the corresponding nondimensional profile is simply expressed 
by the error free tion in the a plane. 

To revert back to the physical plane, one must solve the energy 
» 


equation first. It is interesting to note, however, that Eqs. (2) 


and (6) yield 
dy = 2} [x(Dy):] /m} (T/T da 


That is, the @ plane is the transform of the physical plane ac 
cording to the temperature ratio 7\/T and thus coincides with 
the physical plane itself if the mixing process is also isothermal 
This feature could be exploited, for instance, to measure the 
diffusion coefficient Dj». Indeed, for isothermal mixing, the mo- 
lecular weight is proportional to the density; and, therefore, ex- 
perimentally determined density profiles at several stations x 


will make it possible to determine Dj» 
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The solution of the energy equation (Eq. 4) is obtained by 
simple quadratures and is given by 


T — JT = (T2 — ™)[S(a)/S(-— & 


with 


+2 [Le(cp: — cp) m2] [cp(m, — m2)) 
Sa) = f G ‘ ” = x 
a 


a 
exp [ -2 . f ee Leda |da 
0 


wherein the variable o is to be expressed in terms of a through 
Eqs. (9) and (6), as 
€ 4 j ° ‘ ' 
o = 2/2) a@ + [(m, — mz)i(a)|/2m} 


Herein, i(a@) is the first integral of the complementary error func- 
tion. The values of i(@) for positive values of the argument are 
tabulated in reference 3, and the formulas necessary to evaluate 
i(— a) in terms of i(@) are presented in reference 4. 

Since an exact solution is now available, it might prove of in- 
terest to determine the effects of the often made simplifying 
assumption of a Lewis Number constant and equal to one. The 
static enthalpy in this case is a linear function of the mass density 
ratio W, so that the temperature profiles are simply given by 

T — T, = (T2 — TM1)\(¢~»W/C,) 

Comparison between these temperature profiles and those ob- 
tained from the exact solution is made in Fig. 1 for the following 
three cases: Air-H.; Air-CHy; and Air-COs,. It is seen that the 
hypothesis Le = const. = 1 introduces errors already of the order 
of 10 per cent, even when the values of the Lewis Number of the 
two free streams are not too different from one. The size of the 
error increases so as to make the solutions with Le = 1 devoid of 
any practical meaning when the Lewis Numbers of the two free 
streams are sensibly different from one (cf., for instance, the case 
Air-Hg). 

The present exact solution can be extended to other geometries 
of interest in mixing problems and can be used, when the mixing 
is not isovel, to devise an iteration procedure which is rapidly 
convergent. This development will be presented in a forthcom- 
ing publication 
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Erratum—‘‘Note on the Turbulent Shear 
Stress Near a Wall’’* 


H. G. Elrod 

Professor, Dept. of Mechanical Engineering 
Columbia University, N.Y. 

November 30, 1959 


ROFESSOR STANLEY CorrsIN has kindly pointed out the over- 

sight of this writer in concluding that the last integral of 
Eq. (5), reference 1, vanishes on grounds of symmetry. Accord- 
ingly, we cannot conclude on the basis of analytical argu- 
ments so far advanced that the turbulent shear stress vanishes 
faster than the cube of distance from a wall bounding a two- 
dimensional, established flow of incompressible fluid. 


* Journal of the Aero/Spaoe Sciences, Vol. 24, No. 6, p. 468, June, 1957. 
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Minimizing the Mass of Thin Radiating Fins* 


J. Ernest Wilkins, Jr. 

Nuclear Development Corporation of America, 
White Plains, N.Y. 

October 19, 1959 


SN“ mass is at a premium on space vehicles, we present here 
some observations on the possible reductions in the mass of 
*y taking advantage of the freedom 
Restricting attention to thin rec 


fins used in space radiators 
to choose the fin profile 
tangular fins with an insulated tip designed to transfer heat 
from a base material at temperature 7,(°R) by radiation to 
surroundings at O°R at the rate go (B.t.u./hr.-ft. of length of 
fin), Bartas and Sellers' have presented a graph from which it 
can be inferred that the straight fin with minimum mass has 


dimensions and profile area 


w = 0.884 Jo/€o To‘ 
26 = 1.848 qo? keaol® 
Ap = 1.635 qo*/ke?o*T,9 


Here, w and 26 are the fin height and base, « is the emissivity 
of the fin material, and o is the Stefan-Boltzmann constant 
We wish to consider fins with not necessarily straight profiles 
y = V(x 

If we assume a temperature variation 

r= T(x w = a> 0 
it is easy to see by an integration of the differential equations 


dq/dx = 2oT*, (0< x <w) (1 


q = 2kY(dT/dx), 
with the boundary conditions 


x=0,¢q=0;x =uw,¢g =q,T Ty (2 


that 
g = q(x/w)**t! 
Y = [(4a + 1)qo?/4akeo7(*](x/w)* *? 


w = (4a + 1)qo/2eoT >! 


and, hence, that the profile area is 
u 
Ay = of V(x)dx = [(4a + 1)?/l2ea + 1)] (ge? ke?a?],° 
This profile area is least when a 1/2, when it has the value 
go®/ke®?a?7T,°. It follows that a penalty of 63.5 per cent in mass 
is paid by using the best straight fin instead of the fin with 
profile 


V = (3q0?/2keoT§)(x/w)'?, OSx Sw 3q0/2eoT,' (3 


It can actually be shown? that the fin profile, Eq. (3), furnishes 
a minimum profile area in the class of all profiles (which transfer 
heat go from a base at 7)) and not just in the class of profiles 
for which the temperature varies as x* 

The optimum fin profile has a very sharp point where x 
(in fact, the profile V(x) for an arbitrary a@ is sharper than a 
parabola), and so it may be worthwhile to pay some penalty in 
Accordingly, we now assume a 

The differential system, Eqs 


= () 


mass in order to avoid this 


triangular profile V(x) = éx/w 
(1) and (2), then reduces to 
(d/dx)|x(dT/dx)| = (eow/kb)T", 
x = 0, x(d7T/dx) = 0;x = w, T 
To solve this system, consider first the svstem 
(d/du)|{u(dzv/du)|] = v', v0) 1 
The solvtion of this system is 


v=1+u-+ u? + (1007/9) + 


(23u4/18) + (337u°/225) + (7199u®/4050) + 


211144u7/99225) + (81406748 /317520) + (5 


* The advice received from Professor Fred Landis of New York University 
in connection with the subject matter of this paper is gratefully acknowl 


edged 
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Although we have not determined the precise radius of converg- 
ence of the power series, Eq. (5), it is not difficult to show that 
it may be at least 1/2. The function T = yv(Bx/w) will satisfy 
the system, Eq. (4), provided the constants 6 and y are such 
that 
7 = T,/v(B) 

eow?7T,°/ki = Bv*(B) 

wqo/2k6T; = Bv'(B)/v(B) 
Hence, a one-parameter family of triangular fins exists which 
transfers heat at the rate g from a base at temperature 7». 
These fins have dimensions 


w = (qo/eaTo')[v(B)/2v'(B)] 

5 = (qo?/keoTy®)} v°(B)/4B[v'(B)]?} 
and, hence, have the profile area 

A, = wi = (qo?/ke2a?T,9) | v(B)/8B [v'(B)]*} 
With the help of Eq. (5), the minimum value of the factor 
v9(B)/8B[v’(B)]3 
is found to be 1.1030, attained when 6 = 0.2866, 2(8) = 1.4089, 
v'(8) = 2.053. Therefore, the mass penalty paid by using the 
best triangular fin instead of the best fin, Eq. (3), is only 10.3 
per cent. 
The fin profile, temperature profile, heat-transfer rate pro_ 

file, and fin effectiveness for this optimum triangular fin are 


VY = (1.1493q0?/keo7To5)(x/w), O< x < w = 0.9598q0/eoT ' 
T = Tov(0.2866x/w)/1.4089 
q = go(x/w)v'(0.2866x/w)/2.053 


n = qo/2ecTy'w = 0.5210 


REFERENCES 
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The Minimum-Weight Straight Fin of 
Triangular Profile Radiating to Space 


Edwin N. Nilson and Richard Curry 
Project Engineer and Assistant Project Engineer, Respectively, 
Pratt and Whitney Aircraft, East Hartford, Conn. 


October 22, 1959 


INTRODUCTION 


Pigeon gives the solution of the problem of determining the 
triangular fin of optimum shape for discharging heat by con- 
vection. The corresponding problem in radiation is of consider- 
able interest with regard to waste-heat dissipation from space- 
craft. The differential equation expressing the heat flow is now 
nonlinear, but a basic property of the equation yields a method 
of solution which is an extension of Jakob’s. 


EQUATION IN THE TEMPERATURE 
Consider the straight fin of triangular profile shown in Fig. 1 
with base temperature 6 = 6. Employing the assumptions of 
reference 1, the heat flow g per unit length of base moving in the 
x-direction is 
q = —k(2y)(d0/dx) 


where & is the conductivity. By continuity, the difference be- 


tween the heat-flow rates g and g + dq at the two faces of the 
element shown is accounted for by radiation: 


AERO/SPACE 
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Fic. 1. Straight fin of triangular profile. 


—dq = o6'dx 


where it is assumed that the fin is radiating to surroundings at 
zero temperature.* Since y = Hx/2L, it follows that 
(d/dw)|w(de/du)| — 64 = 0 (1) 
where 
w= (oL/KH)x 
Now, if @ = f(w) is a solution of Eq. (1), then @ = Af(waA*) is 


also a solution. For, if @ = Af and w = v/d* in Eq. (1), there 


results 

(d/dv)[v(df/dv)] — fi = 0 
The solution of Eq. (1) is restricted to be regular at w = 0. If 
Eq. (1) is written as 


wo” + 0’ —@4=0 (2) 


it is seen that it is necessary and sufficient that 0’ = 64 at w 0 
Let f(w) be such a regular solution of Eq. (1) and take 


6 = Af(war3) (3) 
The condition that the base temperature be 6 gives 
0 = Af(wrdr*) (4) 
where 
wy, = oL?/kH (5) 
Note that 1/(9w)'/° is a solution of the differential equation 
but is of no interest here. 
OPTIMIZATION OF FIN 


The heat-flow rate per unit length along the base radiated 
from the surface is taken to be 


L wL 
OQ = “f O'dx = (kH/L f dw = 
x=0 w=0 


wl 
(kH/L)(w(d0/dw)],_9 
so that, in virtue of the requirement of regularity, 


Q = (kH/L)w1(d0/dw)w, 


If az is the profile area of the fin section, a, = HL/2 and 
E. = (2kawr a)i/8 (6) 
H = (4az2o Rwy )1/3 (7) 


Then, since d0/dw = d*f’(wr*), 

Q = (20*kaz)'?wy'/*A4f'(wzd*) (8) 
It is desired to maximize Q for a given area ay, with wz and A 
related by Eq. (4). From Eq. (4), 
f(wrd*)(dd/dwi) + Af’(wrA*) [BA*wz(ddrA/dwz) + A*] = O (9) 
Differentiate Eq. (8) with az held fixed: 


* Here o/2 is emissivity times Stefan-Boltzmann constant. 
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(1/Q)(dQ/dwi) = (1/38wz) + (4/d)(ddA/dwz) + 
[f"’(wrd*)/f’(wyd5)] [A3 + 3d2w1(ddA/dwz)] (10) 
Since 
d*6/dwy,? = d7f"(wrd*) 
it is seen by Eq. (2) that 
f"(wrd*) = | [f(wrrd*)]* — f(wrd*)} /wrd3 
Set dQ/dw;, = O and replace d\/dwy by its value 


There results 


Let & = wzA’. 
from Eq. (9). 

(1/3) [f(é) + 3&f’(é)] — 4éf’(E) + 
LE) — S(O} MO/() = 0 

or, alternatively, 

BE(f'(E)/f(E)]? + (2/3) f'(H)/())] — Lf(é]* = 0 (11) 
The number wz = £/A* is independent of the particular func- 
tion f chosen, as may easily be shown. Further, the optimum 
configuration as given by this value of ~ is independent of az, as 


in the convection case. 
NUMERICAL SOLUTION 


Eq. (1) was integrated by the Runge-Kutta method on an 
IBM 704 computer taking the solution for which f’(0) = [f(0)]* = 
1. The value of f’(0) needed to start the solution is obtained by 
l’Hospital’s rule (v = Aw): 


lim f’(v) = lim ({ —f’(v) + [f(v)]*}/2) 


v0 v0 
= lim {| —f’(v) — 4[f(v)]2f'(v)} 
v0 
whence f"(0) = 2. The equation is integrated out to the point 


Table 1 presents the necessary 
Note that 


at which Eq. (11) is satisfied. 
information about the solution. 
x/L = w/we 
0/00 = [Af(wad4)]/[Af(wrrdA*)] = f(v)/f(E) 
Let F(v) be the left-hand member of Eq. (11). Integration was 
carried out using Av = £/50, and every fifth point is here given 
The value of £ is 0.28483, f(£) = 1.40566, and f’(é) = 2.04456 


TABLE 1 
x/L v f(v) f’(v) F(v) 0/00 = f(v)/f(—) 
0 0 1.0000 1.0000 — 0.333333 0.7114 
0.1 0.02848 1.02937 1.05989 — 0.313736 0.7323 
0.2 0.05696 1.06055 1.12602 —0.292429 0.7545 
0.3 0.08544 1.09372 1.19930 —0.269103 0.7781 
0.4 0.11393 1.12910 1.28085 —0.243359 0.8032 
0.5 0.14241 1.16694 1.37200 — 0.214709 0.8302 
0.6 0.17089 1.20755 1.47439 —0.182543 0.8590 
0.7 0.19938 1.25127 1.59002 —0.146099 0.8902 
0.8 0.22786 1.29851 1.72138 —0.104410 0.9238 
0.9 0.25634 1.34978 1.87158 —0.056236 0.9602 
1.0 0.28483 1 2.04456 +0.000027 1.0000 


40566 


The quantity \ is now obtained from Eq. (4) 
d = 6/f(t) = 0.71141 
while 
wr = &/rA® = 0.79109/0,* 

For prescribed values Q, 4, o, and k, therefore, 
ar = Q3/2e*kN[f’(E)]> = 4.40055 (Q3/o7kO9) 
L = Q/odf(é) 1.90951 (Q/a6o*) 
H = Q?/ktod®[f"(€)]? = 4.60910 (Q?/kob*) 


It is of interest to note that the tip temperature is 71 per cent 


of the base temperature. 


II 
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Relaxation Effects on the Interpretation 
of Impact-Probe Measurements 


William F. Van Tassell* and Eugene E. Covert** 
Massachusetts Institute of Technology, Cambridge, Mass. 
August 20, 1959 


Ww" A BLUNT BODY has a supersonic speed in a dense at- 
mosphere, a shock wave forms in front of the body. In 
general, this standoff distance is proportional to the diameter 
of the body; as the body becomes smaller, the shock wave ap 
proaches the body. With a relatively large diameter impact 
probe, the shock standoff distance is great enough to allow com- 
plete re-establishment of equilibrium flow behind the shock 
wave. As the probe diameter is decreased, the gas has less and 
less time to re-establish equilibrium. Eventually, with a small 
enough probe, it should be possible to measure a gas that effec- 
tively has its vibrational mode unexcited Meas- 
urements made with this small probe should then correspond to 
perfect fluid theory. By comparing 
measurements, the 


i.e., ‘‘frozen.’’ 


values as predicted by 
equilibrium measurements and ‘‘frozen’’ 
departure from equilibrium can be established. This departure 
from equilibrium as a function of the test parameters will make 
accurate interpretation of the probe data possible 

The purpose of this report is to present the results of some 
preliminary experiments designed to aid in the interpretation of 
impact-tube measurements. The departure from equilibrium 
has been related to relaxation of the internal degrees of freedom 
in the molecules comprising the flow field. One method of meas- 
uring this departure from equilibrium is through the use of in 
pact probes, as pointed out by Kantrowitz.'! 

The experimental data presented here were taken at a Mach 
Number 4.8 in the hypersonic wind tunnel at the Naval Super- 
The hypersonic wind tunnel (HWT) is an 
The heaters have a capacity of 
The cycle timers allow 


sonic Laboratory. 
open-circuit, heated tunnel. 
heating 1 Ib. of air per sec. to 1,000 °F 
control of stagnation temperature to within +1°F. 
temperatures of 600°F., 925°F., and 


Data were 
stagnation 
Stagnation pressures were varied between 5 and 100 


taken at 
1,000 °F 
psia. The raw data are tabulated in reference 2. 

It should be noted that during all the tests the shock position 
was held fixed with respect to the nozzle as the probe size varied. 

The impact probes used in this experiment are shown in 
Fig. 1. The probe geometries are listed in Table 1 in inches 
All outside diameters were measured on either a micrometer or 
a cathetometer. 

In addition to the nonequilibrium effects that are present in 
the data, there are two additional effects. These are: (1) the 
effect of the probe Reynolds Number on the probe reading and 
(2) the slight dependence of the tunnel Mach Number on the 
operating pressure. The latter effects were removed by handling 
the data at constant total pressure. 


* Formerly, Research Assistant, M.I.T., Naval Supersonic Laboratory, 
Now, with AVCO, Wilmington, Mass 
Naval Supersonic Laboratory, Cambridge, 


Cambridge, Mass 
** Staff Member, M.I.T 
Mass 





Photograph of experimental probes. 


Fic. 1. 
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TABLE 1 

















Probe 

No. Outside Dia. Inside Dia. Length of Probe to Support 
1 ; 0.3750 33/, in. 

2 0.5150 0. 2500 2'/¢ in. 

3 0.2517 0.1250 11/; in. 

4 0.1235 0.0622 ] in 

5 0.0645 0.0311 1 in. 

6 0.0307 0.0118 l in. 

7 0.0201 0.0072 1 in. 


It was anticipated that the former effect would be small, since 
in the primary experiments the total-pressure range was from 
25 psia to 100 psia. The Reynolds Number of the smallest probe 
at the lowest pressure was 435, based on free-stream conditions 
and the perfect-gas results of reference 3. At this Reynolds 
Number, the probe correction was indicated to be less than one- 
half per cent,‘ which is inside the experimental error. Since 
there were small differences in probe geometry between these 
probes and those discussed in reference 4, a supplementary set 
of experiments was conducted at a total temperature of 600°F., 
over a total-pressure range of 5 psia to 100 psia. These data 
were assumed to be independent of vibrational lag and spanned 
the Reynolds Number range of the primary tests. The results 
indicated that the effects of low Reynolds Number were inside 
the experimental error for these tests, as expected. 

The following parameter was used to calculate the departure 


from equilibrium at each total-pressure level. 


( Po'/Po ) Saar bad (Poe /Po \easen 


= ) 
( Po2/ Po Jequilibrium - (Po2/Poa )frozen 


The number-seven probe was assumed to give the frozen 
values of Po2/Po, while the number-one and -two probes were 
assumed to give equilibrium values. Note that a@ varies from 
zero to unity. The former indicates frozen flow, and the latter 
corresponds to equilibrium flow. 

The factor @ was related to the probe geometry by a dimen- 


sionless parameter, x. This parameter is made up as follows: 


Pp, VT is proportional to the collision frequency; exp 4/7"! is 
proportional to the number of collisions required to reach equilib- 
rium; and d/U is a measure of the time that is available for a 
particle traversing the distance between the bow shock and the 
stagnation point. This factor can be generalized to include the 
gas properties, and, since this is an impact-point experiment, 
it can be written in terms of equilibrium impact properties. 
In engineering units, 


x = (36.5 po'd/V TV) V Meir 'm exp { —30(m/miir) x 
[(v/10'3)/7 7} 1/3 
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where now m is the molecular weight; fo’ is in psia; 79 is in de- 
grees Rankine; v is the state frequency of the molecule; and 
Vair is taken to be 10'%. d and U are in consistent units for 
this experiment, and U is computed at a Mach Number of 4.75 
and a 7) of 1,000°F. 

The scale of « is such that when « is of order of unity, the stay 
time between the shock and the stagnation point in terms of free- 
stream velocity is about equal to the relaxation time. When «x 
is very small, the relaxation time is large compared to the stay 
time; and when « is large, the relaxation time is small compared 
to the stay time. Thus, a small «x corresponds to frozen flow 
while a large x corresponds to equilibrium flow. 

Now the plot of @ vs. x can be determined experimentally (see 
The curve of a vs. x is shown for average values of a, 
It is estimated that a 


Fig. 2). 
together with the probable error in a. 
1 per cent error in probe readings would result in roughly +50 
per cent error in a. The pressure data were read to an accuracy 
of +1/2 per cent, and hence a +25 per cent error in a can be 
expected. 

Fig. 2 can be considered as a calibration curve for the probes 
described above at the given Mach Number and temperature, 
in that the reading of a given probe (hence « and thus a) can be 
related to the calculated frozen and equilibrium flows. 

It should be noted that the relaxation effects on the impact- 
tube readings are generally of the order of a few per cent at most. 
Consequently, the fact that the shock separation distance is 
slightly dependent upon the entropy rise, as well as being de- 
pendent on the probe geometry and flight Mach Number, should 
not introduce too much overall error. 

It should be noted that dissociation and ionization have simi- 
lar effects upon impact-tube reading. Consequently, for accu- 
rate interpretation of data, these effects must be allowed. 
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The Hydraulic Analogy for External Flow 


R. A. A. Bryant 

Senior Lecturer in Mechanical Engineering, The University of New 
South Wales, Kensington, Australia 

August 1, 1959 


SYMBOLS 


5 = specific entropy 

4 = cy" = vertical locus of channel cross section 

r = channel size factor 

n = channel shape factor 

h = h(x, y, t) = local water depth 

6 = h+ Z = height of free surface measured from bottom of 
channel 

u,v,’ = velocity components in x, y, z directions, respectively 

U = p gz = body force potential 


. IS GRATIFYING to see the results of Dr. W. H. T. Loh’s re- 
search on the one-dimensional hydraulic analogy published.'! 
After a period of thirteen years, his original work? stands as a 
significant contribution to the development of hydraulic analogy 
At the same time, there still appears to be some doubt 
This is evident from 


methods. 
concerning possible types of basic analogy. 
Loh’s reference to the ‘‘generalized’’ analogy.* 

The present author has already mentioned‘ that there are two 


types of analogy pertinent to gasdynamics. (See the references 
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of reference 4 for details.) Actually, there are only two. Loh’s 


it is useful only for 


analogy is one; ‘inside’? problems which 


can be considered one-dimensional. When external—i.e., two- 
dimensional, flow is considered there is just one other possible 
analogy; and this involves the use of a rectangular tank. The 
same applies to two-dimensional internal flows. 

To demonstrate the above statement, consider pseudo two- 
dimensional shallow water flow in a channel having a horizontal 
bottom, (y, 2) = (0, 0), with a vertical cross section defined by 
Z = cy". (Symbols used are those of Loh,! except as noted 
above. ) 

Following the usual assumptions we can write 


u=u(x,y,t), v =v(x,y,t), p= —pg(z—5), h=h(x,y,t), 
6 = ix, y,t) ~=h+Z 
with 
w= w(x, y, 5, t) 
and 


dw/dt = [(0/dt) + u(d/dx) + v(0/dy) + w(d/dz) |w 


both of negligible magnitude. 
For a channel of fixed shape, it is clear that we can also write 


oZ/dt = 0, 0Z/dx = 0, 0Z/Oy = nZ/y forn > 0, Oh/Ox = 
05/d0x, Oh/dy = (06/Oy) — (0Z/dy), Oh/Ot = 06/Ot 


Now, by continuity, we have for any (x, y, ¢), 


[O(hu)/Ox] + [O(hv)/Oy] + (Oh/Ot) = O (1) 


| 


into which we can introduce the channel boundary conditions to 
find 
h(O0u/Ox) + u(06/Ox) + h(Ov/dy) + 

v[(05/O0y) — (0Z/dy)] + (O0h/Ot) = 0 (2) 


Furthermore, the existence of a gravitational body force potential 


U = pgz enables us to write Eulerian equations of motion: 
—2(05/Ox) = (Ou/Ot) + u(du/Ox) + v(Ou/dy) (3) 
—g(05/Oy) = (Ov/Ot) + u(Ov/Ox) + v(dv/dy) (4) 


wherein 6 = h + Z. 
Thus, we find 


—g(O0h/Ox) = (Ou/Ot) + u(Ou/Ox) + v(Ou/dy) (5) 
—g[(dh/dy) + (0Z/dy)] = (Ov/Ot) + u(dv/Ox) + v(Ov/Oy) (6) 


We now ask under what conditions will Eqs. (2), (5), and (6) 
be analogous to the equations of two-dimensional flow of a perfect 


gas. For such flow we know that 
[d(pu)/Ox] + [0(pv)/dy] + (06/1) = 0 (7) 
—(Op/Ox) = p[(Ou/dt) + u(Ou/dx) + v(Ou/dy)] (8) 
—(dp/dy) = p[(dv/dt) + u(dv/dx) + v(dv/dy)] (9) 
where 
litle aes (10) 
Pp = pip, S$) 
By putting Eq. (7) into the same form as Eq. (2)—viz., 


p(ou/Ox) + u(Op/Ox) + 
p(Ov/Ov) + v(Op/Oy) + (Op/ot) = O (11) 


it becomes evident that we can look for an analogous correspond- 
ence between p and h or p and 6, but then only if 07/dy = 0. 
Thus, we could conclude immediately that Z must be independent 
of y and the channel rectangular with 6 = h at all points. 

If we consider Eqs. (5), (6), (8), and (9), the position becomes 


even clearer. Using Eq. (10), we can rewrite Eqs. (8) and (9) as 


—(dp/dp)s(Op/Ox) + (Op/Os)p,(Os/Ox) = 
p[(d0u/dt) + u(du/Ox) + v(Ou/dy)] (12) 


—(Op/dp)s(Op/Oy) + (Op/ds),(Os/Oy) = 
p[(dv/dt) + u(dv/Ox) + v(dv/dy)] (13) 


These can be compared with Eqs. (5) and (6) rewritten: 


—gh(dh/dx) = h[(du/dt) + u(du/dx) + v(Qu/dy)] (5a) 
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—gh{(0h/dy) + (0Z/dy)] = 


h[(Ov/dt) + u(dw/dx) + v(Ov/Oy)] (6a) 


For p and hf to be analogous, it is then quite clear that (7) the 
gas flow must be isentropic 
Os/Ox = 0, Os/doy = 0 
and (27) the water channel must be of rectangular cross section 
oZ/ay = 0 


Under these conditions, the equations reduce to 


—C*(Op/Ox) = p[(Ou/dt) + u(Ou/Ox) + v(Ou/dy)] (14) 
— C*(Op/dy) = p[(dv/Ot) + u(dv/Ox) + 2v(duv/dy) (15) 
—gh(O0h/ox) = h[(Ou/dt) + u(du/Ox) + v(Ou/dOy)} (16) 
—gh(Oh/oy) = h{(Ov/dt) + u(dv/Ox) + v(dv/dy)] 17) 
and we can say that 

p/po = h/hy (18) 
C2/Cy? = T/T, = h/ho 19) 

and easily demonstrate that 
p/po = (h/ho)? 20) 


with A = Cp/Cy = 2. 

It will be noticed that no restriction is placed on this analogy 
Consequently, for rotational 
(18)-(20), can 


as far as vorticity is concerned. 
flows the analogous prediction equations, Eqs 
be applied along corresponding streamlines as long as the two 
flows are kinematically similar. Generally, it is necessary to 
assume a priori the existence of kinematic similarity. Loh’s one- 
dimensional analogy, as would be expected, is limited to irrota- 
tional (isentropic) flow due to the assumptions involved in form- 


ing the one-dimensional equations. 
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Improvement of a Pressure Pickup for the 
Measurements of Turbulence Characteristics 


Y. Kobashi,* N. Kono,** and T. Nishi*** 
National Aeronautical Laboratory of Japan 
and Hiroshima University, Hiroshima, Japan 
August 26, 1959 


INTRODUCTION 


4g ges SENIOR AUTHOR formerly measured several turbulence 
characteristics in the wake of a cylinder by using a com- 
bination of a novel pressure pickup and an ordinary hot-wire 
anemometer.! The pickup was constructed from a condenser- 
type microphone as a transducer and a static tube as a probe; 
but the arrangement of the duct and a cavity volume of micro- 
phone gave rise to the Helmholtz resonance? and a loss of gain 
in high-frequency range, which obliged the author to use elec- 
tronic compensation networks, a band-rejection filter, and a 
high-frequency booster. 

* National Aeronautical Laboratory of Japan Temporary Research 
Associate at the Polytechnic Institute of Brooklyn 

** Hiroshima University, Japan. 

*** National Aeronautical Laboratory of Japan 
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Fic. 1. Schematic arrangement of a duct-cavity combination. 
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Fic. 2. Pressure pickup. 
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Fic. 3. Frequency response of the pressure pickup. 
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Fic. 4. Correlation between pressure and velocity at several 
cross sections downstream of the cylinder. 


SCIENCES FEBRUARY, 1960 

Afterwards, the authors tried to eliminate the Helmholtz 
resonance by choosing an adequate arrangement of the duct 
and microphone in which neither a band-rejection filter nor 
booster was needed. A new method of calibration of the appa- 
ratus was also developed, which enabled them to calibrate the 
characteristics of the pickup more accurately. The new appara- 
tus was found to have a good response up to 2,500 cps, which 
was thought high enough for our present purpose. The applica- 
tion of the pickup to the measurements of the wake of a cylinder 
was carried out and showed satisfactory results, especially in 
determining the correlation of pressure and velocity components 

PRESSURE PICKUP 

The motion of the medium in the duct-cavity combination, as 
is shown in Fig. 1, is given by the following equation :% 
pxd?l(d?t/dt?) + (Sul/d?)( wd?)(dé/dt) + 

(wd?)( po/ Vo)( wd?£) = pi cos wt( wd?) 
where fo is the pressure in the cavity volume and p; the applied 
pressure. 

By the aid of this equation, we estimated the effects of the 
variables such as diameter, length of the duct, and cavity vol- 
ume. After a series of preliminary tests, we finally constructed 
a new pickup of the following dimensions: 


static tube: 1 mm. inner dia., 35 mm. in length 
cavity volume: 6 mm. dia., 0.1 mm. gap. 


We also employed a damper in the duct, which was found to 
be very effective for eliminating the Helmholtz resonance peak 
value. The scheme of the newly developed pressure pickup is 
shown in Fig. 2. 

For the calibration purpose, we adopted an acoustic method, 
“coupler method,’’ which allowed us to make absolute calibra- 
tion of the apparatus without any assumption about the applied 
pressure. In Fig. 3, the frequency response of the pressure 


2x/0° 








Fic. 5. Energy balance measured at the cross section, x/D 
= 80, in the wake of a cylinder. 
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pickup is given, which shows a very flat response up to 2,500 


cps 
MEASUREMENTS OF THE WAKE OF A CYLINDER 


Our new pressure pickup, combined with the ordinary hot- 
wire anemometer, was applied for the measurement of the tur- 
bulence characteristics in the wake of a cylinder. The arrange- 
ment and the procedure were the same as those employed in the 
previous paper. Some of the most interesting results are shown 
in Figs. 4 and 5. 

The results show important contributions of pressure fluctu- 
ations to the turbulence characteristics, especially in energy bal- 


ancing mechanisms. 
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A Simple Numerical Solution of the Supersonic 
Blunt-Body Problem for Real Gases* 


G. A. Bird 

Aerodynamics Division, Weapons Research Establishment, 
Salisbury, South Australia 

August 31, 1959 


peor several methods have been proposed—e.g., Van 
Dyke,' for obtaining a numerical solution of the inviscid 
flow behind the detached shock wave which is produced by the 
supersonic or hypersonic motion of a blunt body. The final 
forms of the equations of motion are usually so complex that a 
suitably programmed electronic computor is required to obtain 
a solution in a reasonable time and the methods cannot be ap- 
plied easily to real gas problems. In this note, it is shown that a 
satisfactory hand solution of surprising accuracy may be ob- 
tained from a step-by-step method which makes use of only 
elementary forms of the equations of motion and which may, 
therefore, be based on realistic assumptions about the thermo- 


dynamic processes. 
(1) DESCRIPTION OF THE METHOD 


The solution is started from a prescribed plane or axisymmetric 
shock wave which is assumed to be symmetrical with respect to 
the x-axis. The flow is uniform in front of the shock, and all the 
flow properties immediately behind it may be found by applying 
the usual conservation laws. The present method constructs 
a network of streamlines and flow normals behind the shock, as 
illustrated in Fig. 1. 

Part of this network is known, as the stagnation streamline 
lies along the x-axis. The first point chosen in the network (A 
in Fig. 1) lies immediately behind the shock and near the x-axis. 
The flow normal AB of the streamtube bounded by the origin O 
and A may then be constructed and the point B determined. 
Since the mean flow properties along OA are known and the mean 
entropy is constant along the streamtube, the usual one-dimen- 
sional isentropic relationships may be applied to find the mean 
value of pressure along AB. Now, the pressure at A and the 
mean pressure along AB are known, and the pressure gradient 
along the normal at B has to be zero, so that a curve can be con- 
structed of pressure p against distance m along AB. This en- 
ables the pressure gradient dp/dn at A to be found, and the curv- 
ature K of the streamline through A is given by the centrifugal 
condition, 

* Publication is made with the permission of the Chief Scientist, Aus- 
tralian Defence Scientific Service, Department of Supply, Melbourne. 
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Fic. 1. Construction of the flow behind the shock wave pro- 
duced by a flat nosed body of revolution. 


K = —(dp/dn)/pq? 


where p is the density and g is the flow velocity. The stream- 
line through A may then be constructed as far as the point D 
which is determined from the second point C, selected behind 
the shock. (For accurate work, the segment of streamline 
should be constructed using the mean values of slope and curv- 
ature between A and D, rather than the values at A, and this 
calls for an iteration procedure.) The changes in cross-sectional 
area of the streamtubes CD and DE are then measured and the 
one-dimensional flow relationships applied along them. A p-n 
curve is constructed for the normal CDE, and the procedure is 
continued. 

The stagnation point on the body is found by extrapolating 
to zero a curve (which is very nearly linear) of velocity against 
distance along the stagnation streamline. A flow normal is 
eventually reached which must end on the body surface rather 
than on the stagnation streamline. The location of, and the 
pressure gradient at, the end point of this normal are not known 
in advance, but the p-n curve may be extrapolated to find the 
mean pressure in the streamtube adjacent to the body. A 
point on the body surface may then be found from continuity 
considerations, and the resulting body curvature provides a 
check on the accuracy of the extrapolation 

It may be shown that the method is unstable in subsonic flow, 
but this does not cause any difficulties as long as the mesh size 
is large. The solution given by the step-by-step process should 
be reviewed continuously for consistency of the flow properties 


and any discrepancies eliminated. As shown in Fig. 1, the cal- 
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culations along a particular streamline are stopped when the 
curvature becomes too large for the mesh size being used. A 
typical solution, with a total of about 50 mesh points, can be 
obtained in less than 40 man hours and requires only a desk 
calculator and basic compressible flow data. Reference 2 
gives a detailed description of the procedure, and the method is 
shown to be able to reproduce existing solutions with an overall 


accuracy of several per cent. 
(2) APPLICATION TO REAL GASES 


Fig. 2 shows the results of the computation of the flow behind 
a paraboloidal shock wave (M = 20) for the three assumptions 
of air as a perfect gas, real gas in thermal equilibrium everywhere, 
and real gas with the composition frozen during expansion 
processes. The real-gas solutions are based on the thermody- 
namic data of Moeckel and Weston;? reference 2 outlines methods 
of deriving the required gasdynamic data in forms which are 
particularly suitable for the present method of solution of the 
blunt-body problem. 

In the perfect-gas case, the body is nearly spherical and the 
ratio of the shock-separation distance to the radius of the body 
is 0.132, which compares very well with existing data.' The 
real-gas body shapes depart markedly from spherical, but the 
ratio of the separation distance to the nose curvature is about 
0.066. It is noteworthy that the ratio of the real- to the per- 
fect-gas shock-separation distance at the stagnation point is 
almost exactly equal to the ratio of the values of the density 
ratio across a normal shock wave of Mach Number 20. The 
ratio of the surface pressure p to the stagnation-point pressure 
p, is shown in Fig. 2 as a function of the angle of inclination 
6, of the body surface. Fora given 0,, p/p, is very nearly inde- 
pendent of the assumptions about the gas properties and lies 
just below the value given by modified Newtonian theory. In 
the equilibrium case, the specific-heat ratio of the gas behind 
the shock varied by less than one per cent in the subsonic re- 
gion, but this variation increased to five per cent when the cal- 
culations were extended as far as the downstream characteristic 
through the sonic point on the body. Further details are given 
in reference 2. 
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Periodic Temperature Distribution in a 
Two-Layer Composite Slab 


Thomas E. Stonecypher 

Rohm & Haas Company, Redstone Arsenal Research Division, 
Huntsville, Alabama 

September 14, 1959 


A“ INVESTIGATION! to determine the feasibility of using an 
insulating thermal barrier to protect exposed solid-pro- 
pellant motors from atmospheric or environmental temperature 
variations has recently been completed. In one portion of this 
study, a solution was developed for the periodic temperature dis- 
tribution in a two-layer composite slab. One exposed surface of 
this composite slab was adiabatic, and the other exposed surface 
was subjected to a sinusoidal temperature variation. The tech- 
nique used in the analysis was similar to that of Gréber.? In this 
note, pertinent features of the development of the solution are 


given. 
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The partial differential equation describing one-dimensional 
heat conduction in a rectangular coordinate system, assuming con- 
stant properties and no internal heat generation, is 

OT (x, t)/Ot = a[d?T(x, t)/Ox?] (1) 


where 7 is temperature, ¢ is time, and a@ is the thermal diffusivity 
of the conducting material. 

The periodic solution to Eq. (1), found by using a separation of 
variables technique, is 
T(x, t) = et { K, cos [(1 — i)Ax/+/2] + 

K» sin [(1 — i)Ax/+/2]} (2) 

where 7 is the imaginary unit and \, A,, and K2 are arbitrary con- 
stants to be determined from the statement of the problem. 
Substitution of the relations 


e™ = cos (u) + 7 sin (u) (3) 
cos (1 — i)u = cos (u) cosh (wu) + isin (u) sinh (uw) (4) 
sin (1 — i)u = sin (uw) cosh (u) — i cos (u)sinh(u) (5) 
fee(u) = cos (uw) cosh (2) (6) 
fes(u) = cos u sinh (x) (7) 
fs(u) = sin (u) cosh (u) (8) 
fes(u) = sin (uv) sinh (1) (9) 


into the solution given by Eq. (2) gives 


T(x, t) = {eos (dat) [Kife(Ax/+/2) + Kofecldx/r/2)] + 
sin (Mat)[—Kife(Ax/+/2) + Kofes(Ax/+/2)]} + 
i} cos (Mat) [Kifes(Ax/+/2) — Kofes(Ax/+/2)] + 

sin (A2at)[Kifec(Ax/+/2) + Kofs(Ax/+/2)]} (10) 


This form of the solution is composed of two terms, one of 
which is multiplied by the imaginary unit 7.* Since each term 
is a solution of Eq. (1), the complete solution can be written in 
the form 
T(x, t) = cos (Nat) [Kafec(Ax/+/2) + Kafec(Ax/+/2) + 

Kf Ax/~/2) — Kefes(Ax/vV/2)] + 
sin (APat)[—Kafe(Ax/1/2) + Kofes(Ax/r/2) + 
KsfelAx/V/2) + KefeclrAx/vV/2)] (11) 


where the K’s are constants to be determined from the state- 
ment of the problem. 

A particular solution of Eq. (11) was sought for the composite 
slab model, which consisted of two finite plane slabs in perfect 
thermal contact. The inner slab of the composite extended 
from x = 0 to x = /, and the outer slab extended from x = 7 to 
x = s. The exposed surface of the inner slab (x = 0) was assumed 
to be adiabatic, and the exposed surface of the outer slab (x = s) 
was subjected to a sinusoidal surface temperature variation. 
Hence, the boundary conditions imposed on Eq. (11) are 


T(x, 4) = Ty cos (2xt/te), x =s (12) 
Tix, t) = Text), 2 =i (13) 

ki [07\(x, t)/dx] = k:[07T2(x, 1)/dx], x =1 (14) 
07;(x, t)/ox = 0, x=0 (15) 


where Ty) is the surface-temperature amplitude, f) is the period of 
oscillation, k is thermal conductivity, and subscripts 1 and 2 refer 
to the inner and outer slabs, respectively. Since the temperature 
distribution in the model and its reflection is symmetric with re- 
spect to the x = 0 plane, the odd functions of argument (Ax/+/ 2) 
in Eq. (11) do not appear in the corresponding equation for the 
temperature distribution in the inner slab, and the solution for 
the periodic temperature distribution in the composite is 


Ti(x, t) = cos (Ar2ant) [Ci fec( Aix, Vv 2) + Cofgs( Mix Vv 2)] + 
sin (AvPaut) | —_ Ci fees AX / \ 2) + Cofec( Aix /y Zhe 
0<x<l (16) 
* The solution of Eq. (1), given by Eq. (2) or Eq. (10), can be used to 
obtain the solution to the problem under consideration, but extensive use of 
complex numbers is required. The note proceeds with a problem solution 


which avoids the use of complex numbers 
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T(x, t) = cos (As®aat) [Cafe Aox//2) + Cafe Aox/ 2) + 

Cyfasl N2ox/*/ 2) — Cofea(A2x/+/2)| + 

sin (A2*aet) [ — Cafe(Aox/ 0/2) + Cs fes(Aox/>/2) + 
Cofec(Aox/V2) + Cofalrox/YV2)], L<ex<gs (17) 


The constants appearing in the solution equations, Eqs. (16) 
and (17), are determined by the following relations resulting from 
the application of the boundary conditions 


Ay2an = AxPag = Q2a/k (18) 
7 Ca fec( Aes 2) + Cafe dros/V/ 2) + 
Caf el A2S/VV2) — Cofes(Aos/Y2) (19) 
0 Cofan( 28/02) + Cefes(A25/+/ 2) 4+ 
Cyfec( Aes 2) + Cofscl(Avs/VY2) (20) 
0 — Cfo Ml/V2) — Cof(Al/V2) + CafecAal/+/ 2) + 


Cafec(Ael/YV 2) + Cifas(Aol/YV 2) — Cofes(Ael/V/2) (21) 


— CofelMl/Y2) — Cafes(del/+V/2) 4 


Cafes al //2) +. Cofec(al/+/2) + Cafeddel/1/2) (22) 
0 ~CiRidi | fel /YV 2) — fac Al/Y2)) — 
Cok a [fel /4/2) + fe il/+/2)] 4 
Cokod2[fes( Aol /+/2) — fec(Ael/+/2)| 4 
Cyhod2| feel Aol /+/ 2) + Seal Ael/+vV 2)) 4 
Cskors [fes(el/YV 2) + fec(Ael/+Y 2) 


tS 


Cokor2[fec(Aol/V 2) — fas(Ael/Y2)]  ( 


and 


O Crkida [fes(Ail/ VY 2) 4+ Sfec(Arl/Y 2)) — 
Cokida [fos Ail /YV2) — fc Al/¥ 2)] 
Csod2! fes( Aol / 2) + fsc( Aol 2) + 
Choro | fee( Al /V2) — fes( Aol /Y 2)] 4 
CsRod2|fes( Aol / 1/2) — fec(Aol/¥ 
Cokor2 [feel Asl/V 2) + Ses(Aol/> 


2)| + 
2)| (24) 


Eqs. (19)—(24) may be solved generally to give explicit rela- 
tions for constants C; through Cs, 
more practical for a particular problem to evaluate the coefficients 


of constants C; through Cs; and then to solve the resulting equa- 


However, it has been found 


tions by matrix methods. 
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Comment on “‘On a Class of Variational 
Problems in Rocket Flight’’ 


G. Leitmann* 

Associate Professor, Engineering Science, 
University of California, Berkeley, Calif. 
September 14, 1959 


I A RECENTLY PUBLISHED PAPER,! the optimization of the 
thrust direction and magnitude of a rocket traveling in a 
Properties of the 


constant gravitational field was discussed. 


extremal arc were investigated and criteria for its composition 
derived. Among other things, it was shown that the thrust 
direction angle may experience a discontinuoust jump of 180 
The question has been raised whether or not such a 


It is the 


degrees. 
jump could occur in a physically meaningful problem. 
purpose of this note to present a problem, both simple and 
meaningful, in which a discontinuity in the thrust direction 
angle arises. 

Consider the minimum time transfer of a given mass with 
prescribed fuel expenditure between two positions and velocities 

* Also, Research Scientist, LSM D. 

+t The rocket is treated as a point mass—i.e., as having zero moment of 


inertia 
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in field-free space. For the sake of simplicity, let the initial 


and final velocities be zero. That is, it is required to minimize! 
G=t (1) 
subject to the equations of motion 

p = (cB/n) cos y, & = p (2) 


and the constraint 


8B ZB ZB, BO (3) 
where 
w= -8, w= m/m (4) 
The initial and final conditions are 
x 0 |X = XxX; 
t =z YQ p = () t = ty p = (0) (5) 
w= 1 B= By 


The applicable Euler-Lagrange equations are 


cos ¥ = Ai/|M| = £1, Ar = Aw — Agl (6) 
hs = 0, As = (cB/u?)|r 
Also, 
8B = B, whenk > 0 (7) 
B = 6, whenk < O 
where 
K = (c/p)|Ay, — A (8) 


Furthermore, the first integral becomes 
1 = Bx + dsp (9 
so that, at? = Oand?t = ft,, 
Be > 0 (10 
maximum thrust. We 


i.e., initial and final arcs are flown at 


expect that, in general, there will be 
In particular, because of the equality of initial and final 


an intervening coasting 
are. 
velocities, one expects that the final arc be flown with decelerating 
thrust. According to Eq. (6), the jump in the’ thrust direction 
will take place when 

(11) 


During thrust-on periods, kK may be computed from Eq. (9) 

During coasting, « is found from Eq. (8) with 

As = As{ti) = const. (12) 

The instants of transition from full thrust to coast and back to 
full thrust, ¢; and ¢;, are determined by Eq. (8) with 

Kk = 0 (13) 


To compute a trajectory, values of Ajo and A; must be assumed 
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such that the end values of p and w are met when x = xy. This 
calls for a two-parameter iteration process. It should be noted 
that the equations of motion in this simple example are integ- 
rable so that the multipliers can be expressed in terms of the 
boundary conditions obviating the iteration procedure. 
To demonstrate this behavior, we consider a numerical ex- 

ample—e.g., let 

xy = 20.5 X 104 ft = 39 mi. 

be = 0.368 

c = 10‘ ft./sec. 


slug/sec. 
8, = 10-2 ——— 
slug 

The behavior of k and 8 is shown in Figs. 1 and 2. Transitions 
from full thrust to coast and back to full thrust take place at 
t = t, = 39.4 sec. and ¢ = t; = 960.6 sec., respectively; and jump 


in thrust direction occurs halfway through coasting at ¢ = fz = 
500.0 sec. The minimum transfer time is ty = 1000.0 sec. Of 
course, in a real situation, thrust reversal may take place any 


time during coasting. 
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The Response of Linear Systems to 
Non-Gaussian Random Inputs{ 


Stephen H. Crandall,* William H. Siebert,** and 
Bernard P. Hoquetis*** 

Massachusetts Institute of Technology, Cambridge, Mass. 
September 14, 1959 


iy A RECENT PAPER, Mazelsky! arrived at the result that, if a 
wide-band non-Gaussian stationary random process was im- 
pressed on a linear system with a narrow-band transfer function, 
the response would be a stationary random process with a 
probability distribution which is asymptotically Gaussian when 
the ratio of input bandwidth to system transfer bandwidth ap- 
proaches infinity. The only restriction imposed was a relatively 
mild one on the skewness of the input process. This result is a 
strong statement of a widely held intuitive feeling that ‘‘filtering 
favors the Gaussian disiribution.’’ For very special non- 
Gaussian processes, rigorous proofs have been given? * that this 
is indeed the case. In an unrestricted random process, however, 
there is generally complete independence of the frequency dis- 
tribution and the probability distribution. We give below a 
simple counterexample to show that Mazelsky’s result cannot be 
valid in general. 

We consider an input process consisting of a stationary Gaus- 
sian process of constant power spectral density so and (wide) 
bandwidth B plus a sinusoid A sin 2z2fot. The root mean square 


of the random process is V 5B. Let 
aj=A /V 5B (1) 


be a measure of the strength of the sinusoid in comparison with 
the Gaussian process in the input. Fig. 1 shows the probability 
density distribution for the resulting process for several values ot 
a as computed by Rice.‘ Note that these distributions are sym- 
metrical—i.e., there is no skewness at all, and hence these proc- 


t This research was partially supported by the USAF through the AFOSR 
of the ARDC, under Contract No. AF 49(638)-564. Reproduction in 
whole or in part is permitted for any purpose of the United States Govern 


ment. 
* Professor of Mechanical Engineering. 
** Associate Professor of Electrical Engineering. 
*** Research Assistant. 
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esses are admissible non-Gaussian inputs according to Mazelsky’s 
criterion. 

As a representative linear system, we consider the standard 
single-degree-of-freedom mass-spring-dashpot system with nat- 
ural frequency wy, = 2z2f, and damping ratio ¢ = c/c,.. The re- 
sponse of this system to the input above will consist of a Gaussian 
process with nonconstant spectral density p/us a sinusoid. The 
root mean square of the Gaussian process is very nearly® 


(sofn/8¢)''? 


if f, is within the bandwidth of the original process and ¢ is small 
while the amplitude of the sinusoid is 


Af [1 — (fo/fn)2]2 + 46° fe/fn)?} ~ 0? 


The probability density distribution of the response will be of the 
same general character as the input, but the parameter a is now 


24/2 A ¢/2 


a, = = ar acer? a 
2]? + 45% fo/fn)?} sf)! 


i {1 — (fo/f, 


a, (*) 2 ( 8c 
‘ (3) 
ai Mfh (1 — (fo/f, J?) + 4¢°%fo/f,)? 


Several conclusions can be drawn from Eqs. (2) and (3). Fora 
fixed input (B, s9, A, fo fixed) but with fo # f, sharpening, the 
filter—i.e., decreasing ¢, does decrease a, which makes the re- 
sponse probability density function closer to Gaussian. How 
ever, if fo = fn, sharpening the filter increases a;, and the response 
probability density function becomes more nearly like that of the 
sinusoid. Finally, if the system is left unchanged ({¢, fy fixed) 
while the bandwidth B of the Gaussian part of the input is in- 
creased, a, remains essentially constant while the ratio a,/a; in- 
creases whether fo = fy, or not—-i.e., increasing the bandwidth of 
the input always tends to decrease the relative Gaussianness of 


so that 


the response in comparison with the input. 

The use of a discrete component in the above counterexample 
makes for simple computation, but it is not an essential part of 
the argument. It is possible to imagine a random process of 
limited bandwidth as shown in Fig. 2(a) which would have a well 
defined non-Gaussian probability density. If a Gaussian process 
were added to this with a spectral density as shown in Fig. 2(b), 
the combined process would have a uniform spectral density and 
a non-Gaussian probability density, although, if B were large 
compared to Byg, the probability density might be quite close to 
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bandwidth (a) and wide-band Gaussian process (b) to make 
combined process with uniform power spectral density 


Gaussian. If this input were applied to an ideal linear system with 
a bandwidth Byg centered at f = fy) and with a linear phase, the 
output would clearly contain a large proportion of non-Gaussian 
power. Thus, it cannot be true in general that filtering favors 


the Gaussian distribution. 
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On the Structure of Vortical Layers in 
Supersonic and Hypersonic Flows 


Hsien K. Cheng 
Cornell Aeronautical Laboratory, Inc., Buffalo, N.Y. 
September 14, 1959 


TT EXISTENCE of a ‘‘vortical layer’’ close to the surface of a 
slightly yawed cone in supersonic flow was first pointed out 
by Ferri.! This layer is characterized by the appearance of large 
entropy gradients and, hence, of strong vorticity. A treatment 
of the problem of supersonic flow over a yawed circular cone 
had been given previously by Stone? under the assumption of 
small yaw angle, with the corresponding computation having 
been carried out by Kopal.* Unfortunately, Stone’s analysis, 
which is based on a small perturbation in the yaw angle, breaks 
down in the neighborhood of the cone surface and fails to account 
for the vortical layer.! A knowledge of the structure of the 
vortical layer, therefore, would be of basic importance not only 
for boundary-layer studies but also to insure the internal con- 
sistency of the Stone approximation. 
As part of a study of hypersonic flow over yawed pointed 
bodies, to be published subsequently, a critical examination of 
the small-perturbation procedure used in the problem of a 
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slightly yawed cone has been made and a new scheme found, 
giving a solution which is valid even at the surface. The first- 
order solution reveals the structure of the vortical layer. In 
this note, the main idea underlying the method of approxima- 
tion will be described and the explicit formula for the entropy 
distribution presented. 

Consider the problem of supersonic flow around a circular cone 


at small yaw angle, that is, ¢ sin a/sin r< 1, where a is the 


vaw angle and 7 the half-cone angle. The basic difficulty of 
the problem lies in the equation governing the entropy function 
S p/p* of the conical-flow field. In terms of the spherical 


polar coordinates 6 and y of reference 4, this equation is 
[v sin 0(0/06) + w(d0/dy)|S = 0 (1) 


For small ¢, the circumferential velocity w is proportional to the 
vaw parameter o. In Stone’s analysis, the term associated with 
w is always considered as a higher-order term when compared 
with the first term, and this leads to an invalid solution for S 
and the related quantities in the neighborhood of the surface. 
Here, it is essential to recognize that the small-perturbation 
procedure in Stone’s theory overlooks the singular behavior of S, 
which results from the vanishing of the normal velocity v at the 
surface. This point may be made more evident by writing Eq 
(1) in the form 

[((@ — r)(0/00) — of (0, ¥; c)(0/Oy)|S = O (2) 
where the function f is defined as 


S(O, v3 0) —(sin 7/sin 6)[((@ — 7)/v|(w/sin a (3) 


In view of the properties of v and w, the function f will generally 
be of unit order and nonvanishing, and the line @ = 7 is clearly a 
singularity. In order to account for the behavior of S in the 
neighborhood of the body and, hence, in the vortical layer, the 
higher-order term of (O0S/Oy) must be retained. This term, 
however, is important only in the vicinity of the surface, insofar 
as the first-order yaw effect on S is concerned. Hence, in the 
present scheme, one uses only f(7, ¥; 0) instead of f(6, ¥; o) in 
Eq. (2). In determining this function, only the leading approxi- 
mations for v and w at the surface are required. One may tenta- 
tively assume that the leading approximations for v and w are 
given correctly by Stone’s analysis, which must then be verified a 
posteriori. Thus, 


f(r, ¥30) =Asiny (4) 


where 
z + 2x/sin r 


A 
OV /080 @=r 


with the same variables z, x, V given numerically by Kopal in 


reference 3. 
Using the boundary condition behind the slightly perturbed 
shock and the simplification implicit in Eq. (4), Eq. (2) yields the 


following explicit formula for entropy distribution: 
S/S ~1+ eB — &)/(1 + &?)] (5) 


where 


¥ (@ — r)4? tan (y/2) 


Sis the unperturbed value of S given by the Taylor-Maccoll solu- 
tion, and the constant B is related to the entropy jump across 
the strongest part of the shock and may be obtained for the 
present purpose from the variables »/p and £/f in reference 3 as 


B sin r[(n/p) — v(E/b)] | @=en (6) 


Eq. (5) exhibits all the features one may anticipate for the en- 
tropy field, and the structure of a vortical layer is clearly de- 
scribed by the characteristic variable f. On the body, @ = 7; 
the entropy is seen to be uniform; and, because Ac is small, at a 
small distance from the surface, the entropy function becomes 
dependent only on y, as predicted by Stone’s analysis. Using 
this formula and the data of reference 3, an example of the en- 
tropy field is given in Fig. 1 for a 30° cone at Wa = 4.59, with 
y = 1.405, at 2° and 5° of yaw. 
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at 2° and 5° of yaw. Contours of constant s provide also the 


pattern of streamlines projected in the @ — y plane. 


The first-order solution to the entire flow field, consistent with 
Eq. (5), can now be determined. To this approximation, the 
velocity components v and w and the pressure p are not affected 
by the vortical layer, as may be inferred from the governing 
equations on the basis of the entropy formula Eq. (5), and this 
confirms the conclusion reached previously by Ferri! and others.‘ 
Therefore, the assumption used in the determination of f(7, ¥; 0) 
is justified. However, in view of the existence of the ‘‘vortical 
layer,’”’ the density, temperature, and radial velocity are found 
to differ from the values given by Stone and Kopal and may be 
easily determined by applying Eq. (5) with the aid of the result 
of reference 3 for the pressure. It is important to note at this 
point that the results from the present scheme are self-consistent 
and can, in fact, be proved to be uniformly valid over the entire 
flow field within an error of order of a, excluding perhaps the 
vicinity of the stagnation streamline on the lee side where a 
singularity of another nature arises. 

It is seen from above that the lateral extent of the vortical layer 
depends on the parameter Ao. At higher Mach Numbers, the 
constant A will generally become smaller, as a study of the nu- 
merical data of reference 3 reveals. Thus, the vortical layer 
will be thin when the yaw angle is small and will be thinner if 
the Mach Number is also higher. This fact is, indeed, consistent 
with the result of a study based on the hypersonic shock-layer 
approximation which assumes a strong shock wave. This study, 
which will be published shortly elsewhere, reveals that, within 
the thin shock layer, there will exist a vortical sublayer, even at 
large degree of yaw. Recently Cole’ and Gonor* have treated 
the problem of hypersonic flows over cone and bodies of revolu- 
tion at yaw, using the-shock-layer approach but not accounting 
for the behavior of the vortical layer.* 
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Similar Solutions for Boundary Layers 
in Constant-Temperature 
Magneto-Gasdynamic Channel Flow 


Jack L. Kerrebrock 
Daniel and Florence Guggenheim Jet Propulsion Center, 
California Institute of Technology, Pasadena, Calif. 


September 17, 1959 


O» OF THE PROBLEMS that must be faced in the development 

of plasma accelerators is the growth of boundary layers upon 
the accelerator walls. The boundary-layer effects may be im 
portant not only from a heat-transfer standpoint, but because of 
the displacement effect on the main flow. For the steady-flow 
accelerator utilizing crossed electric and magnetic fields, such 
as that discussed by Resler and Sears, a very interesting situ- 
ation may develop upon the walls that are perpendicular to the 
current flow. Since the wall must generally be cool, there is a 
tendency for the plasma conductivity near the wall to be lower 
than that in the relatively hot free stream. Consequently, the 
Joule heating associated with the continuous current will be 
highest in the neighborhood of the wall. This increased heating 
may produce an abnormal thermal boundary layer and, quite 
possibly, a severe heat-transfer condition. 

The boundary-layer development may be analyzed, utilizing 
as free-stream conditions the simple, constant-temperature 
channel-flow solutions presented in a previous note.! It was 
shown in reference 1 that, if the free-stream velocity varies as a 
power of the streamwise coordinate, the pressure, current 
density, and flow area are also proportional to powers of the co- 
ordinate, as is the required magnetic-field strength, except for an 
additive constant. This simple behavior suggests that similar 
solutions, analogous to those of Falkner and Skan for the in- 
compressible boundary layer, may exist for the boundary layer 
on the electrodes. It will be shown in the following paragraphs 
that such solutions do in fact exist, if the Mach Number is small 
By utilizing the concept of local similarity, it may be possible to 
extend the results to nonzero Mach Numbers. 

The usual boundary-layer equations must be modified by the 
inclusion of the electromagnetic body force in the momentum 
equation, and the electronic conduction and Joule heating in the 
energy equation. Thus, if 7, ¢, and B denote the current density, 
electrical conductivity, and magnetic-field strength, the equa 


tions are: 
continuity, [O(px)/Ox] + [O(pv)/dy] = 0 (1) 


momentum, p[u(d0u/dx) + v(du/dy)| = 
(0/Oy)[u(Ou/dy)] — (dp/dx) + 7B (2) 


energy, pcp[u(O7/dx) + v0(OT/dy)] = 
(0/dy)[MOT/Oy) + (5/2)(k/e)jT] + 
ul(Ou/dy)]? + u(dp/dx) + (j2/a) (3) 
and state, Pp = pRT 


where & and e are Boltzmann’s constant and the magnitude of 
the electronic charge, and the other notation is conventional. 

It is assumed that the magnetic Reynolds Number is suffi- 
ciently low so that B may be regarded as a prescribed function 
of x. The current density is also assumed to be a function only 
of x, the form of which is determined by the free-stream flow. 
Thus, the electrical resistance of the boundary layer is con- 
sidered a second-order correction to the free-stream resistance, 
just as the displacement thickness of a boundary layer is con- 
sidered a small correction to the body contour. 

In the channel-flow approximation, the momentum and 
energy equations for the free-stream flow are 


Pota(du./dx) = —(dp/dx) + jB 
and 
u.(dp/dx) = —(j*/o,,) 


With these relations, the boundary-layer momentum and energy 
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equations become 


p[u(Ou/Ox) + v(Ou/Oy)] = (0/Oy)[u(Ou/Oy)] + 
Paot.(du,,/dx) (4) 


and 
pcp|u(OT/dx) + v(OT/dy)] = 
(0/Oy)[A(OT/Oy) + (5k/2e)jT] +4 


u(Ou/dy)? + (72/0. )|(o../e) (u/u,)| (5) 


Since the free-stream pressure varies while the free-stream 
temperature is constant, the following modification of the 
Stewartson transformation* 4 


ex 


ay 
y= | ( p/ pr \dy, ¥ = 
J 0 


where the subscript 0 denotes values in the free stream at a refer- 


(p/ po )dx (6) 


ence point is convenient. It gives a = u andi = (po/p)[(pv/po) 
+ u(O0V/Ox)], where if w and XA are proportional to 7, as for 
Maxwellian molecules, 7 and @ satisfy the transformed equations: 
(du/d¥) + (2/7) = 0 (7) 

U(ON/OX) + B(OU/OP) = vo(O72H/OF?) + O[ (du, /d®)| (8) 


The dimensionless temperature, 6 T/T», satisfies 


ii(00/O0X) + 6(00/09) = (%/Pr)( 076/09?) + 
(v0/CpT (00/09)? + (5Rj/2ecppo)( po/p)(00/2F) 4+ 
(j2/CpT oop (po/p)Ol(o../a) — (u/u)| (9) 
A simple solution for channel flow with constant temperature, 
conductivity, and electric field was given in reference 1. It was 
demonstrated that, if the velocity is of the form u = ax", the 
current and pressure are given by 


> 
n 


j = (aoRT)E/a?n)(5n — 1)x~? 
ind bP = [oo RT0E)?/a*][(5n — 1)/n?]x1—* 
where £ is the constant electric field. 
With this expression for the pressure, the transformation from 
v to ¥ becomes 


¥ = Kx?2-* (10) 


where 


K [oo RT,E)2/n2a°po| ((5n — 1)/(2 — 5n)] (11) 


and » must be less than 2/5. 

Because of the simple power relation between x and f, the 
transformed velocity, #7,,, varies as a simple power of ¥. If we 
take %7,, = BX", it follows that B = a/K” and m = n/(2 — 5n). 
With the transformed free-stream velocity in this form, the 
transformed momentum equation is that solved by Falkner and 
Skan, except that the factor @ has replaced unity in the last term. 

Following Schlichting,® we define the coordinate 9 by 

n 5V [(m + 1)/2](B/v)x" — 9/2 


and take the stream function as 


y= V [2008 (m + 1)]x0"+)/2 f(y) 


whence # = @,,f'(n), the prime denoting differentiation, 


> = —~V/ [208 (m+ 1)] X 
[(m + 1)/2]8"-)/24F + [(m — 1)/(m + 1] nf} 
and the momentum equation reduces to 
fl +FFf" + [n/U — 2n)][@ — (f’)?] = 0 (12) 
By utilizing the expressions for the current and pressure given 
by the channel flow, the energy equation may be put in the form 
(1/Pr)(d20/dn2) + f(00/dn) = 
[2 /(m + 1)]f’(00/d®) — (y — 147°’)? — 
(5n — 1)/(1 — 2n)]/2(5RT5/2e) (o0/moRT )'!? X 





y= 2)/7) 
(00/On) — [(y — 1)/y[(5n — 1)/(1 — 2n)! X 
@[(o,,/0) —f’] (13) 
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¥ does not occur in Eq. (12) and occurs in Eq. (13) only in the 
first and second terms on the right. If the Mach Number, which 
depends on &, is small and the boundary conditions are inde- 
pendent of X, solutions of Eqs. (12) and (13) exist such that f 
and @ depend only on 7, since then the term proportional to 
00/OX is zero. Thus, similar solutions exist for the thermal and 
viscous boundary layers if M..2 is small and the wall temper 
ature is constant 
It is worth noting that both the channel-flow solution and the 
boundary-laver transformation can be extended to include vari- 
ations of the conductivity and electric field as powers of x. 
The momentum equation retains the form given above, as does 
the energy equation, except that the free-stream conductivity, 
which occurs in the coefficient of 00/0n, becomes a function of 
¥. Thus, exact similarity no longer exists for small M..? if 
o., Varies with x 
Nevertheless, for many practical cases, the similarity may be 
nearly exact because the electronic conduction term is small 
compared to the Joule-heating term. As an example, for helium 
at 3,000°K., seeded to a conductivity of 100 mho/m, the coeffi 
cient of 00/07 is 0.05, while that of 0(¢,,/a0 — f’) is 0.2, ifn = 1/4 
The range of » which is physically interesting is limited by the 
channel-flow solution to positive values greater than 1/5, while 
the present transformation from x to ¥ limits it to values below 
2/5. Over the range of m from 1/5 to 2/5, m varies from 1/5 to 
2, so that boundary-layer flows with a very wide range of char 


acteristics are described 
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Heat Transfer at a Corner* 


Victor Zakkay 
Research Assistant Professor, Aerodynamics Laboratory, 
Polytechnic Institute of Brooklyn, Freeport, N.Y 


September 25, 1959 


HE HEAT TRANSFER about an arbitrary three-dimensional 
body may be estimated with good engineering accuracy, if 
the pressure distribution about the body is continuous. How- 
ever, no simple heat-transfer analysis appears to be available 
for cases in which a discontinuity (a sharp change) in the pressure 
gradient occurs. A discontinuity of this type may occur at a 
conical-cylindrical junction, for example 
For the purpose of obtaining a rough estimate of the heat 
transfer downstream of the junction, a common procedure has 
been to balance the product of the momentum thickness and the 
dynamic pressure, before and after the discontinuity. This 
yields a reference length upon which local boundary-layer char 
acteristics are based 
In order to investigate this, a program has been carried out at 
the Polytechnic Institute of Brooklyn Aerodynamics Labora 
tory in order to obtain some experimental information on this 


* This contract is administered by the Aeronautical Research Laboratory 
of the ARDC and partially supported by the Air Force Ballistic Missile 
Division, Contract No. AF 33(616)-6118, Project No. 7064, Task No 
70169, under the supervision of Dr. Antonio Ferri 
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Fic. 2. Heat-transfer distribution. 


problem. A blunt axially symmetric body with a 50° cone half- 
angle, followed by a cylindrical section (see Fig. 1), was chosen 
for this investigation. 

Heat-transfer and pressure measurements were made at Mach 
8 at a Reynolds Number per inch of 0.16 X 106 and 0.12 X 108, 
with a stagnation-to-wall temperature ratio of 2.3. A constant 
static pressure was obtained downstream of the corner. The 
heat-transfer results are presented in Fig. 2 in the form of a Nus- 
selt Number divided by the square root of the Reynolds Number 


defined as 


Nu/Re'/? = (q Cp /K JV Rus, ‘ps, (ls, — Iw) hs, C/s) 
where 

R = nose radius 

q = local heat flux 

hs, = stagnation enthalpy 

Se = stagnation conditions behind a normal shock 

hy = wall enthalpy 

K = thermal conductivity of air 


The results are compared with the usual flat-plate solution, 
choosing the junction as the starting length. Next, they are 
compared with the method presented in reference 1. The start- 
ing length in this case was estimated to be 1.05 in. The second 
method seems to compare fairly well with the experimental re- 
sults far from the junction point; however, there is a large dis- 
crepancy close to the corner. The experimental results indicate 
that the heat-transfer parameter decreases like S.~°® rather 
than the usual S,~°5 for laminar flow. A reason for this differ- 
ence between the estimate of reference 1 and the experimental 
results may be related to the fact that the flow in the immediate 
vicinity of the corner cannot be treated by usual boundary-layer 
techniques. A somewhat different approach for treating the 
flow near a corner has been suggested by Dr. Antonio Ferri. 
In this method, it is assumed that the flow over the junction 
within a normal distance on the order of the boundary-layer 
thickness upstream of the discontinuity can be closely described 
by neglecting viscous effects. This is reasonable because of the 
short streamwise distance in the region of the corner, which re- 


SCIENCES—FEBRUARY, 1960 
duces the importance of the viscous effects on the pressure and 
velocity. Therefore, the inviscid flow around the corner can be 
analyzed in two parts. The supersonic portion of the flow field 
may be analyzed by the method of characteristics, and the lower 
part of the flow field can probably be treated in a one-dimensional 
fashion by neglecting viscosity with the assumption that the 
pressure in this region is constant at each station along the 
streamline and the vorticity is conserved in the boundary layer 
In this manner, the profile downstream of the corner may be 
obtained 

When the flow upstream of the corner is subsonic, the analysis 
requires very lengthy calewations. An analysis of this type is 
being conducted by Dr. Vaglio-Laurin. Additional information 
regarding this problem, where the flow upstream of the discon- 
tinuity is supersonic, will be published at a later date. The 
author wishes to thank Dr. Martin H. Bloom for initiating this 


investigation. 
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A Graphical Solution for Normal Shock Waves 
in Real Gases* 


Charles E. Treanor 

Cornell Aeronautical Laboratory, Inc., of Cornell University, 
Buffalo, N.Y. 

October 1, 1959 


T= SOLUTION of the equations for conditions behind a normal 
shock in a real gas usually represents a tedious and time- 

consuming part of shock-tube research. Even for gases for 
which the thermodynamic properties have been calculated com- 
pletely, the simultaneous solution of the Rankine-Hugoniot 
equations using graphs or tables of thermodynamic properties 
presents a formidable amount of numerical work. For the im- 
portant case of shocks in air, tables and graphs!~* of conditions 
behind shocks have been prepared for the range of initial tem- 
peratures which occur in the atmosphere and for a wide range of 
initial pressure and of Mach Number. A very general IBM 
704 program solution for shock waves, including the effects of 
finite reaction rates for the chemical processes which occur, is 
also available. There remains a need, however, for a simple 
but accurate method of obtaining solutions for shocks in real 
gases for which the thermodynamic properties are known, both 
for the case of air at high initial temperatures and for the many 
other gases of interest in current shock-tube research. In the 
present note, a rapid graphical method of obtaining such solu- 
tions is described. The accuracy is limited only by the accuracy 
of the graph available for the gas properties. No iterative pro- 
cedure is involved, and the only machine or slide-rule calcu- 
lations required are for factors having to do with the initial 
conditions of the gas and the speed of the shock wave. The 
method employs a universal curve, an auxiliary piece of graph 
paper, and a plot of the thermodynamic properties of the gas, 
where lines of constant enthalpy are plotted on a graph of 
density vs. pressure on log-log paper.t An extension for calcu- 
lation of conditions behind a reflected shock is also described 

The equations of continuity through a shock wave can be 
written 

* This work was supported by the USAF under Contract Nos. AF 18(603 
141 and AF 18(603)-19, monitored by the AFOSR of the ARDC. 

t+ Graphs for Ne, O2, NO, and air are available as Cornell Aeronautical 
Laboratory Rpt. No. AD 111 A-4§. 
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READERS’ 


piv, a p2 V2 
H, + (K/2)Vi? = He + (K/2) V2? (1) 
Py + pi Vi? = P2 + poV:? 


where p is the density, P the pressure, H the specific enthalpy, 
ind V the velocity of the gas. AK is either 


2.389 X 10° 8(cal./gm.)/(cem./sec 


3.995 X 10°° B.t.u./Ib./(ft./sec. )? 


depending on the units employed for H and V. Subscripts 1 
and 2 are used for conditions ahead of and behind the shock, 
respectively. Velocities are measured relative to the shock 
wave, so that V,; can also be considered as the velocity of the 
shock relative to the gas ahead of it. It will be assumed at 
present that all conditions 1 are known, and all conditions 2 are 
unknown. Eqs. (1) then give three relations for four un- 


knowns, and it is assumed that the fourth relation, the thermo- 
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Fic. 3. Curve for solution of reflected-shock equations, Eqs. (4) 
and (5) 


dynamic properties of the gas, is given in graphical form as 
described above 
Eliminating V2 from Eqs. (1), one obtains two equations in 


three unknowns 


A /( p2/ pe) (1/B){1 — [(P2/Po)/C}} VD-H (2) 


where A, B, C, and D are four terms having to do with condi 
tions 1—viz., 

A=x VK 2( p:/ po) Vi 

B = (2/K)(po/Po(A/C 

C = (P1/Po) + (p0/ Po) p1/ pc) Vi? 

D = H, + (K/2)V;? 
The quantities Py and pp, the pressure and density at STP, have 
been introduced as usual. In the case where the gas ahead of 
the incident shock can be considered an ideal gas, the equations 
for the constants simplify still further 

A plot of (p2/po)/A vs. (P2/Po)/C, Eq. (2), on log-log paper is 
a universal curve whose position on the paper is determined by 
the value of B. The curve is shown in Fig. 1 for the case B = 0.1 
The shaded region can conveniently be considered a template 
For any other value of B, the template should be shifted ver- 
tically so that the point on the template marked with an arrow 
is at (p2/py)/A 10B. The quantity D-H, from Eq. (2), is 
universally related to (p2/p))/A and so is marked on the right 
vertical scale of the paper. From this scale, and knowing the 
value of D for a given problem, one can write the value of H at 
several convenient points on the template. The solution to the 
shock equations is now known to lie along this curve, no matter 
what the thermodynamic properties of the gas might be 

The gas properties are assumed available in the form of lines 
of constant enthalpy on a graph of p/p» vs. P/ Po on log-log paper. 
This graph is used as a two-dimensional slide rule by placing 
the upper left corner of the template (arrow in Fig. 1) at the 
point P/P») = 0.1 C, p/po 10A B on the gas properties graph, 
with several values of H written on the template. The solution 
lies along the template at the point where the values of H/ agree, 
and this is the value of H2. A typical positioning is shown in 
Fig.2. The corresponding values of p2/p) and P:/P» can be read 
immediately from the graph (along with 7>, if lines of constant 
T have been included on the graph) 

This graphical method of solution is of special interest in the 
problem which considers a gradual approach to equilibrium be- 
hind the shock wave. In this case, the values of pressure and 
density of the gas move along the curve as the shock passes 
through the gas (since Eqs. (1) are satisfied at all points behind 
the shock regardless of the degree of equilibration}, finally arriv- 
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ing at the solution point described above when equilibrium is 
attained. 

For a shock reflected from the closed end of a shock tube, the 
velocity of the reflected shock is usually unknown, and the 
method is more difficult to apply. Referring to conditions 
ahead of and behind the reflected shock with subscripts 3 and 4, 
the continuity equations are 

hi/(1 — (p2/p0)/(ps/p0)] = [(Ps/Po)/ke] — k (4) 


Hy = ((P./Po)/ke] + Bs (5) 
where 
ki = KV,?[1 — (p1/p2))?, Re = (1/K )(pe/Po)(p2/pe) (6) 
ks = (P2/Po)/ke, i Be ~ (1/2 — bs 


and the substitutions P; = P2, ps p», and 7; 
made. It is assumed that the gas is at rest behind the reflected 
shock. 

Eq. (4) can be plotted as a universal curve if one plots ( p4/ py) + 
(p2/po) vs. [(Ps/Po)/ke] — ks. The plot is shown as curve I 
in Fig. 3 and is the mirror image of the curve in Fig. 1. & has 
been taken equal to 10%. In general, the template (shaded) 
should be shifted horizontally so that the arrow is where the 
abscissa is equal to 10k;. To obtain an abscissa equal to Py + 


H. have been 


Poko, the curve should be drawn with the template and then a 
new curve drawn &; units to the right (curve II, Fig. 3). Values 
of H can then be noted on curve II, using Eq. (5). The entire 
graph paper can now be positioned appropriately on the graph 
of gas properties. For example, the point marked with an X in 
Fig. 3 (at 1,000, 1) can be positioned at 


P/Po = 10%ko, p/po = p:/po 
Again, the agreement of enthalpy values on the two graphs gives 


the solution. 
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An Approximation for Subsonic Flow 
Through an Orifice 


P. G. Morgan 

Dept. of Engineering, University of Manchester, 
Manchester, England 

October 8, 1959 


"| ‘uz Mass flow of a compressible fluid through an outlet 
from a reservoir is given by 
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ae AV 217 (y — 1)) Pipi l(P2/P: 2/7 — (Pz P,) +1)/7 


where 
A area of the outlet 
g acceleration due to gravity 
Pipy pressure and specific weight of the fluid in the reser- 
voir 
P: pressure of the fluid outside the reservoir 
7 adiabatic index 


Putting 


and 


we have 
Q = ACY Pipim 


and the ratio « determines the character of the flow. If 


exe = PAs + Hypo 


the velocity of the fluid through the orifice is equal to the ve- 
locity of sound, and m is constant and equal to 


D/a 
Mx = sa 


y¥—1) 


The mass flow depends only upon the parameters of the fluid 
and of the reservoir. 

When e> ex, the value of m depends upon e, and the determi- 
nation of Q becomes more difficult. For ¢ nearly equal to 1, the 
compressibility effect may be neglected, and Q may be deter- 
mined from the equations for incompressible flow. The value of 
m may be expressed, to a good degree of approximation, over the 
whole subsonic flow range ex < € < 1 by the equation 

Mapp. = kla — (€ — b)?] 
where k, a, and 6 are constants. These may be obtained from 
the conditions 
€ = €%, Mapp. Mx 
= €, Gmapp./de = dm/de 0 
1, Mapp. =m = () 
leading to 
—b )?] 
— b) 0 
k[la — (1 — b)?] 
which give 
k = ms/(1 — e)*?, a (1 
For 7 4, we have 
er 528, 0.067 
giving 
k = 0.300, a = 0.223, 6b = 0.528 
Using this approximate method, calculations for the flow rate 


show a difference between the exact and approximate values of 
less than 2 per cent over the whole subsonic range. 
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(one) and the letter (ell) and the prime (’), between alpha and 
a, kappa and k, u and mu, v and nu, n and eta. All sub- 
scripts and exponents should be clearly distinguished. Avoid 
complicated exponents and subscripts. Dots and bars over 
letters or mathematical expressions should also be avoided. 
When it is necessary to repeat a complicated expression, it should 
be represented by some convenient symbol. 


SyMBOLS AND ABBREVIATIONS: The symbols recommended 
in the American Standard Association “Letter Symbols 
for Aeronautical Sciences,’”” ASA Y10.7—1954, should be used 
wherever practicable. Ali symbols should be clearly written and 
carefully checked. Standard abbreviations should be used, and 
it should be noted that most abbreviations are lower case, such 
as m.p.h., b.m.ep., ib.p. b.hp., hp., ete. 
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